University of Toronto 
SOLUTIONS to MAT 186H1F TERM TEST 1 
of Thursday, October 4, 2007 
Duration: 60 minutes 
TOTAL MARKS: 50 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


General Comments about the Test: 


Questions 1, 2, 4, 6 and 7 are considered completely routine, straightforward 
calculations. This is the 66% of the test that should have allowed everybody 
to pass the test. 


Questions 3 and 5(c) are checking if you know what the Intermediate Value 
Property and the Squeeze Law say, and if you can use them. The actual 
calculations involved are very simple. 


Questions 5(a) and 5(b) require a little manipulation to reduce both questions 
to the basic trigonometric limit 


sin h 


Has 


1. 
Question 8 requires some thought to set up, but it requires no more calculus 
than what you learned in high school. 


Some alternate solutions are included at the end. However, L’Hopital’s Rule 
was not permitted on this test. 


Breakdown of Results: 566 students wrote this test. The marks ranged from 0% 
to 100%, and the average was 58.8%. Some statistics on grade distributions are in 
the table on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 4.6% 
15.7% | 80-89% 11.1% 


17.5% | 70-79% 17.5% 
18.6% | 60-69% 18.6% 
19.1% | 50-59% 19.1% 


H a w S> 


29.2% | 40-49% 14.7% 
30-39% 7.1% 
20-29% 4.2% 
10-19% 2.1% 
0-9% 1.1% 


1 
1. [8 marks] Suppose cos x% = = and sing > 0. Find the exact values of the 


following: 


(a) [2 marks] sin x 
Solution: 


sing = V1l-—cos?z 


3 
(b) [3 marks] cos (2 + =) 
Solution: 
T T 3 z A 
cos (z + Z) = cosrcos — — sina sin & 
14/3 «2/21 
3 2 3 2 
_ _v3+2v2 
7 6 
(c) [3 marks] cos(2x) 
Solution: 
cos(2v) = 2cos?x—-1 
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2. [4 marks] Find all the solutions x in the interval [0,7] to the equation 
Asin’ g cos? z = 1. 
Solution: 


4sin? rco? sr =1 & (2sinrcosx)* = 1 
& (sin(2x))? =1 
< sin(2x)= 1 or sin(2x) = —1 


If x € [0,7], then 2x € [0, 27]. Take 


Jal Jia eels, OT 3T 
Tag Ona 5 T= ET 


3. [3 marks] Use the Intermediate Value Property to explain why the equation 
cosx = x has a solution in the interval [0, 7/2]. 


Solution: Let f(x) = cosx — x, which is a continuous function on [0,7/2]. 
Observe that 


f(0)=1-0=1>0and f (Z) =0-7=-7<0. 


So by the Intermediate Value Property, there is a c € (0,7/2) such that 


fle) =0 & cosc = ce = 0 S cosc = c. 


4. [8 marks] Find the following limits. 


3 
(a) [4 marks] lim Da 
z>-2 zr +2 
Solution: 
3 De es 
lim 2 ee ii (x +2) (z? — 2x + 4) 
a>-2 +2 t—2 r+2 
= a 2 
= Jim, (a? — 2x + 4) 
= (-2)?-—2(-2)+4 
= 12 
F a 
(b) [4 marks] lim Io 
a0 yr +4—2 


Solution: 


r30,/7y +4-—2 x—0 


m eee ==) ( 


5. [8 marks] Find the following limits. 


__ sin(3h) 
(a) [2 marks] lim S 


Solution: 
sin(3h) |, 3sin(3h) 
ee ae aC 
ink 
momo oR 
k— k 
. sink 
Sen y 
3-1 
S 
(b) [3 marks] lim — 4i 
rn SIN T 
Solution: 
ime a = lim ————., withh=x-7 
eon Sin T h—0 sin (h + T) 
E 0 Sanh 
= —]j 
0 sin h 
= (—1) -1 
= il 


(c) [3 marks] lim x? cos (=) 


g= x 


Solution: Use Squeeze Law. For x # 0, 


1 1 
—] < cos (=) < 1 > =r? < x’ cos G) < x. 
x x 


lim (—2*) = 0 and lim q? =0, 


Since both 


if follows that 


as well. 


6. [7 marks] Let 
x? — 16 
i x2 — 3r — 4 
Find all points where the function is not defined, and at each such point x = a, 


calculate both 
lim f(x) and lim f(x), 


ra wa 


or explain why they do not exist. 


Solution: f(x) is undefined if and only if 


gz? —3¢-4=06(2—-4)(24+1)=082=40re=-1. 


At z = 4, 
l . (x-4(r+4 
l =] 
He Meee (x — 4)(x +1) 
>. “a+4 
= lim 
t4e+] 
= 8, 
ae 
so both 8 3 
At x= —1, 
f . a&t+4 f 
lim f(x)= lim = —œ, since z +1 — 0 
z——1- z>-1- r+ 1 
and 


= +00, since z + 1 — 0*. 


7. [6 marks] Find the equation of the tangent line to the graph of 


323 +1 
y = f(x) = r? +r’ 


at the point (x,y) = (1,2). Put your answer in the form y = ma + b. 


Solution: Use Quotient Rule: 


9x? (x? + x) — (2x + 1)(3x? + 1) 


f'(x) = (x? + x)? 


. [6 marks] Find the equation of the line passing through the origin and normal 
to the graph of the function 


1 
y=f(@)=ar4+-. 
x 
Put your answer in the form y = ma + b. 


Solution: i 
fa)=1-5 


ve 


Let the point of intersection of the line and the graph be (a, f(a)); then the 
equation of the normal line to the graph of y = f(x) at x =a is 


y-f@)__ 1 =--(1-4) =- a 


a az —1 


c—a f'(a) 


Since the normal line passes through (x,y) = (0,0), substitute x = 0,y = 0 
into the previous equation: 


0— 2 2 
o è fla) _ a 
0—a a? — 1 a a? — 1 
< (a? =1) (a+ 2) =- 
S a®-a+a-—=-a 
1 
& 2a? = — 
a 
1 
S g=- 
2 
=> Toa since a? > 0 
A/S ox. 


Thus 


So the equation of the line is 
y= (1+ v2)a, 


since b = 0 if a line passes through the origin. 


Some alternate solutions: 
1.(c) You could use either of the alternatives 

cos(2x) = 1 — 2sin* x or cos(2zx) = cos? x — sin? x. 
2. Substitute cos? x = 1 — sin? x and the equation becomes 


4sin? z cos? z = 1 4& 4sin?x2(1—sin?z)=1 
& 4sinņ?g-— 4sinfz= 1 


< 4sinf z — 4sinf z +1 = 0 


< (2sin? xz — 1)? =0 
< a 
2 
: 1 
< sin x = +— 
2 
=> pgs on 
A 4 


8. Let the line be y = mz. Find the intersection of the line and the function 


y = f(x): ; 
= £+— 
T 

y = mr 


At the intersection point 


mr? = r? +1 er? = ——-; 
m-— 1 


1 
so m > 1, and f(z) =1-— =1-(m-1)=2-m. 
i 


For the line to be normal to the graph at the point of intersection, we must have 


1 2 
2-m=-— & m'—2m-1=0 
m 


ae Cae 


> m=1+ V2, since m > 1. 


Thus the line is 


y= (1+ v2) z. 


University of Toronto 
Solutions to MAT 186H1S TERM TEST 
of Thursday, March 6, 2008 
Duration: 90 minutes 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Answer all questions. Present your solutions in the space provided. 
The value for each question is indicated in parantheses beside the question number. 


TOTAL MARKS: 60 


NAME: 


STUDENT NUMBER: 


SIGNATURE: 


LOCATION: (eg HA403) 


Results: 100 students wrote this test. The marks ranged from 13% to 88%, and 
the average was only 53.8%. Here is a histogram of the test marks, out of 60. 


@Series2 i 


2 
1. [8 marks] Suppose sin x = = and cosx < 0. Find the exact values of the 


following: 


(a) [2 marks] cos x 
Solution: 


VI -sinz £ 


fC 


Vs 


COS T 


OU wl on 


(b) [3 marks] sin (z + =) 


Solution: 


sin (> + z) = sing cos(t/3) + coszsin(7/3) 


- (AGE) 


2+v15 
6 


(c) [3 marks] cos(2x) 
Solution: 


cos(2z) = 1—2sin? x 


|l 
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| 
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2. [8 marks] Find the following limits. 


cs 
3 ks] li 
(a) [3 marks] lim -a 
Solution: 
D= — 2)(1? + 2z +4 
fine 8 fie (x — 2)(x* + 2x + 4) 
1—2 %—2 x2 r—2 
= lim(x* +27 + 4) 
= 12 


(b) [3 marks] lim Va 


zl x-—l 
Solution: 


>. yr+3-2 >. yr+3—2vyr+3 
lim ————— = lim 


aol x— 1 al x— l1 Vr +3 
xr+3—4 


(x — 1)(vz +3 +2) 


1 
lim ——— 
s>lyr+3+2 
1 
4 


= lim 
al 


(c) [2 marks] lim x? sin(—1/z) 


Solution: use the squeeze law. For x ¥ 0, 


—1<sin(-1/z) <1 
=x? < x’ sin(—1/x) < x? 


0 = lim(—2”) < lim z” sin(—1/x) < lim q? =() 


x0 


4 4 


=> lim q? sin(—1/x) = 0 


d 
3. [7 marks] Find the value of 2Y at the point (x,y) = (1,1) if 


dx 


(a) [3 marks] y + 1 = 2e7-¥ 
Solution: Differentiate implicitly. 


yt1l=2e4 > y =2e" %(1-y’) 


sub z=1,y=1 > y =2(1-—y') 
> By =2 


w2 


(b) [4 marks] y + 1 = (£ + x?)” 
Solution: Differentiate logarithmically. 


y+1= (x +r)” => In(y+1) = yln(x + 2”) 
/ 


y j 2 14+ 2a 
=> = y' In(x + 2”) 4 
pe ee ee 
/ 
sub z = 1,y = 1 > = y'ln2 +- 
i 3 
=> y 


4. [7 marks] A pedestrian walks (on a level sidewalk) away from a lamppost that 
is 10 metres tall. The pedestrian walks at a constant rate of 1 metre per sec, 
and is 2 metres tall . At what rate is the pedestrian’s shadow increasing when 
the pedestrian is 15 metres from the base of the lamppost? 


Solution: 
By similar triangles: 
S SHT EEE 
e oe 
10 So 
2 ds o1 dx 
X s dt Adt’ 


Thus when x = 15, the pedestrian’s shadow is increasing at the rate of 0.25 
m/sec. 


gs + 4 


5. [16 marks] This question has four parts and covers two pages. Let f(x) = Bay? 
a + 


for which 
1 2 Og VF 
/ nN A = 
f (z) = 123 (x13 + 1)? and f"(«) 3 rB (B F 1)? 


(a) [4 marks] On the following number line, label all critical points of f, if 
any, all discontinuities of f, if any; and indicate the intervals on which f 


is increasing, or decreasing. 


| 
j= 
D 


f(x) <0 f(x) <0 f(x) <0 


So f is decreasing on (—co, —1), (—1,0) and (0,00); f is never increasing. 


(b) [4 marks] On the following number line, label all inflection points of f, if 
any, all discontinuities of f, if any; and indicate the intervals on which f 


is concave up, or concave down. 


=l -1/8 0 


f"(x) <0 f"(x) > 0 f(a) <0 f"(x) > 0 


So f is concave down on (—oo,—1) and (—1/8,0); f is concave up on 
(—1, —1/8) and (0, 00). 


(c) [4 marks] Find all the horizontal and vertical asymptotes to the graph of 
f, if any. 
Solution: Vertical asymptote at x = —1 since 


am, goblet 


Horizontal asymptote at y = 1 since 


0 BP +4 . 1+4/r"3 140 
lim = lim = = 


—_—____ = = = 1 
aw—=koo gi/3 -+ 1 t—too 1 -+ 1/x1/3 1 +0 


(d) [4 marks] Plot the graph of y = f(x), labeling all critical points, all 
inflection points, and all asymptotes, if any. 


Graph: 
~ 10 
\E 
\Es 
iL 
re 
4 
-_ 
From Maple; not a 
To 97177-4474 ‘ 
k -4 -2 F 2 very good picture. 
a x tC 
Se ial 
\ me 
-6 
\ ia 
\ 1 
\ L-10 


Inflection points at: 
(—1/8,7) and (0,4). 


6. [7 marks] Let 
sin x 
f(x) = 
Find all points where the function is not continuos, and at each such point 
x =a, calculate both 


2x2 — 30x 


lim f(x) and lim f(x), 


or explain why they do not exist. 


Solution: 
2 3 
2x — 3ng = 2(22 — 387) = 0 & t = 0 or t = z™ 


So the discontinuities of f are at x = 0 and x = 37/2, 


Ata=0: 
: . sin x 
a = Poe a 
. sin x 
= lim 
z>0 x(x — 3r) 
1 . sing 
= —— lim 
3T 20 T 
1 
= —— -1 (by basic trig limit 
F (by basic trig limit) 
B 1 
E 3T 
So both i i 
Sa end S 
At a = 37/2: sin(3r/2) = —1, so 
j f(a) ji sin x 1 
1m = ım — == 
2—3r /2- x a3n/2- £ 2x — 3T = 
and 
sin x 1 


li = li =— 
e S a eee 


7. [7 marks] 


(a) [3 marks] Find an approximation to 25? by using the linear approxi- 
mation of f(x) = x?’ at a = 27. (Express your answer to five decimal 
places.) 

Solution: > 9 
F(z) = ge f(27) = 9; f'(27) = 9, 


so the tangent line to f at a = 27 is 
2 
y =9 + o(e— 27). 
Hence 


2 77 
57/3 = f(25) ~ 9 + 5 (25 — 27) = g = 8.55555... 


(b) [4 marks] Find an approximation to 257/° by applying Newton’s method 
to the equation 
ol? — 25 = 0; 
start with x) = 9 and compute zı and x2. (Express your answers to five 
decimal places.) 
Soltuion: 


f(a) = 29? 25 > f(a) = Sve 


so Newton’s iterative formula is 


Sond’ 2s gees f (tn) 
f'(&n) 

r3? — 95 

a rp 


Then: 


TT 
zo = 9 > Tı y 8.55555... 


ane 77 77 50 
— E — — — à 4 
Ly 9 > Xo 27 + Jr 8.54988 


University of Toronto 


SOLUTIONS to MAT186H1F TERM TEST 1 
of Tuesday, October 7, 2008 


Duration: 90 minutes 
TOTAL MARKS: 60 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


General Comments about the Test: 


e Many of the questions were based on homework problems, sometimes verbatim. 


e In Question #1 decimal approximations are not acceptable. 


e In Question #2(b) you must state that the function f(x) = zf + 2x — 1 is continuous; 
otherwise the Intermediate Value Property cannot be applied. 


e The point to Question #4(a) is to manipulate the given expressions until the basic trig 
limit can be used. 


e Question #5(b) is the hardest part of the test. 


e In Question #6 there are two critical points, one for which f'(x) = 0, and one for which 
f'(x) is undefined. This must be clearly indicated to get full marks. 


e In Question #7 the point (1,5) is not on the graph of f(x) = x3, so calculating f’(1) and 
using that as the slope of the required tangent line is a conceptual blunder of the worst 
kind. 


e Far too many students abuse mathematical notation, for which they lost marks. 


Breakdown of Results: 451 students wrote this test. The marks ranged from 6.7% to 100%, 
and the average was 75.1%. Some statistics on grade distributions are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 20.9% 
A 48.8% | 80-89% 27.9% 
B 20.4% 70-79% 20.4% 
C 13.7% 60-69% 13.7% 
D 10.0% 50-59% 10.0% 

F 7.1% 40-49% 3.8% 

30-39% 1.8% 

20-29% 1.3% 

10-19% 0.0% 

0-9% 0.2% 


2 
1. [9 marks] Suppose cos z = z. and sinx > 0. Find the exact values of the following: 
(a) [2 marks] sin x 


Solution: 


sing = vyl -— cos? r 


(b) [3 marks] sin(2x) 
Solution: 


sin(2x) = 2sin zg cosx 


T 
(c) [4 marks] cos (z — =) 
Solution: 
cos = — =) = Cosg E + sin g a 
3 3 
[LAAL [3v8)\ (v3 
g 7J oy ON ee 2 
815 2 
14 


2(a) [4 marks] Find g'(1) if g(t) = Vt + vt. 
Solution: Use the chain rule. 
i. ( ii 
gdt) = 14 
2 t+ Jt 2 Jt 


je ( 5) 3 3V2 
14 _ or 
2 4/2 8 


2(b) [5 marks] Use the Intermediate Value Property to explain why the equation x*+2r—1 = 0 
has at least two solutions in the interval [—2,2]. (Be succinct; be precise; do not beat 
around the bush.) 


Solution: Let f(x) = zt + 2x —1, which is a continuous function for all x. Observe that 
f(-2) =16 -4-1=11>0 and f(0)=-1<0. 
So by the Intermediate Value Property, there is a number cı € (—2,0) such that 
f(a) = 0. 


Similarly, 
f(0)=—1 <0 and f(2) = 16 +4-— 1 = 19 > 0; 


so by the Intermediate Value Property, there is a number c> € (0,2) such that 
f (ca) = 0. 


Thus the equation f(x) = 0 has at least two solutions in the interval [—2, 2]. 


3. [8 marks] Find the following limits. 


ere eee 
be) Es E 


Solution: Factor and simplify. 


z3 — 1 | (x-1)\(2?+2+4+1) 
lim —————— = lim 
x14? 4+ 2x —3 z1 (x+3)(¢—-1) 
_ @+rtl 
= hn 
zl “+3 
_ 3 
© 4 


(b) [4 marks] lim = 


Solution: Rationalize and simplify. 


m = (2) (E48) 
= ian ENVE) 


29 x—9 
= lim vz +3 


= V9+3 
6 


4. [9 marks] Find the following limits. 


a marks} lim ane) 
(a Ks a sin(3z) 


Solution: Make use of the basic trig limit lim me ul. 
m TG = Gs 1 sin(5z) z 
z>0 sin(3z) z=>0 \cos(5z) z  sin(3z) 
1 5 sin(5z) 
= > a li - lm — 
1 3 20 (5z) 250sin(3z) 
5 1 
Pest eee: 
3 1 
_ 9 
E 


E= 


(b) [4 marks] lim z? sin (1 + J ee =) 
T T 


Solution: Use the Squeeze Law. 


1 1 
Ca): > -1ssin(14+54+5) <1 
Go 3B 
2 2: 1 1 
=> —r’ < rsin brae 
a S 
Both 


lim (—*) = 0 and lim a” =0, 


so by the Squeeze Law, 


T= 


1 1 
lim x? sin (1+2+5) =0 
po + 


as well. 


<r’ 


1 


5. [9 marks] Let f(x) = rh 


(a) [6 marks] Find both points where the function is not defined, and at each such point 
x =a, calculate both lim f(x) and lim, f(x), or explain why they do not exist. 


Solution: f(x) is undefined if and only if 1 — |z| = 0 & z = 1. 


Ate =k, 
1 
li si S24 ented E 
jim, f(x) iim 7 oo, since zr—0; 
and R 
lim f(x) = lim —— = +o, since 1 — z —> 07. 
xz—1- Caa a a 
At x = —1, use |x| = —z, since x < 0. Then 
lim f(z) li : i +1—-07 
im f(x)= lim —— =-—o, since x => 
a——1- x3>-1- 1 +r 
and i 
lim f(x)= lim —— = +o, since r+ 1—0”. 
z—=-—1+ s=-1t Leg 


(b) [3 marks] Is f differentiable at x = 0? 


Solution: NO. Use the definition of f’(0). 


PIO Se h 
1 
sier] 
>n H 
= 
= lim i 
h—0 h(1 — |h]) 


This limit doesn’t exist, since the two one-sided limits at h = 0 are different: 


1 
ELER L i 


~e aee 
wora =A ehe aor 1—h 


and 
er 
im —— = lim = = lim — = 
n>0- h(1—|h|) roo h(1+h) n>oò1+h 


6. [8 marks] Find the maximum and minimum values of the function 
f(x) = 5a? — 25/8 
on the closed interval [—1, 4]. 


Solution: This is Example 6 on page 151 of the text book. 


f'(x) = a0, <a _ Tai 


3 3 
B 0 f{2-2 
= 3 71/3 


fies 0] o=7=0S7=9: 
f'(x) is undefined when x = 0. 


Critical points: 


The endpoints are x = —1 or x = 4. Compare: 


So the maximum value of f is y = 6 at x = —1; and the minimum value of f is y = 0 at 
xr=0. 


7. [8 marks] Find the point (a,a?) on the graph of f(x) = x? such that the tangent to the 
graph of y = f(x) at (x,y) = (a,a®) passes through the point (x, y) = (1,5). 


Solution: This is Question 55 from Section 3.2 of the textbook. f'(x) = 3x7, so the 
equation of the tangent line to the graph of y = f(x) at the point (a, aè) is 
3 3 


a spa Bes = 3a’. 
r—a r—a 


For this tangent line to go through the point (x,y) = (1,5), substitute z = 1,y = 5 and 
solve for a: 


Fa 3 
i — = 3a” & 5-a’? = (1 — a) (3a?) 
& 5-a’ = 3a = 3a? 
= 2a? — 3a? +5=0 
& (a+ 1)(2a?— 5a +5)=0 
= a= —l is the only real solution. 


So the required point on the graph is (x, y) = (—1, —1). 


University of Toronto 
Solutions to MAT 186H1S TERM TEST 


of Wednesday, March 4, 2009 


Duration: 90 minutes 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Answer all seven questions. Present your solutions in the booklets pro- 
vided. The value for each question is indicated in parentheses beside the question number. 
Do not use L’Hopital’s rule on this test. TOTAL MARKS: 60 


General Comments: 


1. The results on this test were much better than last year’s results. However, 50% 
of the class is below 60%; for these students the quiz marks become extremely 


important. 


2. Questions 3 and 4 were right out of the homework; these questions should have been 


aced by all. 


3. Question 1 was almost a carbon copy of last year’s question 1; yet many students 


did very poorly on it. 


4. Question 6 was identical to question 4 of the first MAT186H1F test in October, 
2008. 


Breakdown of Results: 57 students wrote this test. The marks ranged from 30% to 
90%, and the average was 60.7%. Some statistics on grade distributions are in the table 
on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 1.7% 
A 14.0% | 80-89% 12.3% 
B 14.0% | 70-79% 14.0% 
C 21.1% | 60-69% 21.1% 
D 28.1% | 50-59% 28.1% 
F 22.8% | 40-49% 19.3% 

30-39% 3.5% 

20-29% 0.0% 

10-19% 0.0% 

0-9% 0.0% 


1 
1. [9 marks] Assume cos 7 = 3 and sina < 0. Find the exact values of the following: 


(a) [2 marks] sin z 


Solution: 


er |: 
= 9 
_ v3 
7 3 
(b) [4 marks] cos (2 — =) 
Solution: 
T T A . 7 
COS (z — Z) = COST COS- + SINT sin — 
6 6 6 


CE 


(c) [3 marks] cos(2x) 


Solution: 


cos(2x) = 2cos°z-— 1 


|l 

N 
ATN 
w| = 
Se 
N 

| 

=. 


2: 


[12 marks] State the Intermediate Value Property and use it to explain why the 
equation e” — 2 + z? = 0 has at least two solutions in the interval [—2, 2]. Then 
approximate any one of the solutions to the equation e” — 2 + z? = 0 correct to 
three decimal places by using Newton’s method. 


Intermediate Value Property: Suppose that the function f is continuous on the 
closed interval [a,b]. Then f(x) assumes every intermediate value between f(a) and 
f(b). That is, if K is any number between f(a) and f(b), there exists at least one 
number c in (a,b) such that f(c) = K. (as stated on page of 97 of text book) 


Solution: Let f(x) = e” — 2+ x°, which is a continuous function for all x. Observe 
that 
f(—2) Se" +2> 0 and f(0) = —1 <0. 


So by the Intermediate Value Property, there is a number cı € (—2,0) such that 
f(a) = 0. 


Similarly, 
f(0) = —1 < 0 and f(2) Se +2 > 0; 


so by the Intermediate Value Property, there is a number c3 € (0,2) such that 
f(c) all 


Thus the equation f(x) = 0 has at least two solutions in the interval [—2, 2]. 


Newton’s Method: 
f(z) = e® —2+27 and f'(x) = e” + 22; 
so the recursive formula for Newton’s method is 


f(n) e™™ —2 +r?  Tne™ + 2? — e* +2 
Filta) etm +27, et +27, 


n 


Either of the following calculations will do: 
zo = 1 > 2, = 0.63582... > ro = 0.54315... > z3 = 0.53729... > x4 = 0.53727... 
zo = —1 => zı = —1.38730... > ve = —1.31824... => z3 = —1.31597... > z4 = —1.31597... 


So correct to three decimal places the solutions are 0.537 or —1.315. 


3. [7 marks] Find the open intervals on which the graph of the function 


f(x) = 1027/8 + 22/8 


is increasing, and the open intervals on which it is decreasing. 


Solution: m i 10 (2 
+ x 
1 — AY 1/3 a2 / 3 
F(a = 32 DE 3,18 
The critical points of f are x = —2 and x = 0. Use test points on intervals to find 
that 
—250 250 
ee eee a 
10 10 
‘(-1) = — =-— <0; 
on 100 50 
(8) = — =— >0 
So 
ue 9 
f(x) > 0 f(x) <0 f(x) > 0 


That is, f is increasing on (—oo, —2) and (0,00); and f is decreasing on (—2, 0). 


4. [8 marks] Sand is being emptied from a hopper at a rate of 1 m*/sec . The sand forms 
a conical pile whose height is always twice its radius at the base. At what rate is 
the radius at the base of the pile increasing when its height is 2 m? (The volume of 


1 
a cone is given by V = gm h) 


Solution: 


y 
1 
h=2r > V z7r (2r) (0, f) 
SS k= ee 
3 
=> a4 = a Ll 
dt dt (r,0) 
x 
Problem is: given a = 1 find e when h=2 &r=]1. 


Substitute known values and solve for “ : 


dr 
1 = 2r(1)}— 
r(1) 
agit B 1 
dt 2 


1 
So the radius of the sand pile is increasing at = m/sec when its height is 2 m. 
T 


5. [8 marks] A rectangular box has a square base with edges at least 1 cm long. Its total 
surface area is 600 cm?. What is the largest possible volume such a box can have? 


Solution: let x x x be dimensions of the square base; let y be the height of the box. 


Use 
Very 
and 
SA = 2x7 + Az y. 
Then 
SA=600 © 227+4ry = 600 y 
Be fies 150 zx 
g $ 2 
150 
> =a (= — z) © 
x 2 x 
z3 
=> V = 150r — — 


3 
Problem is: find maximum value of V = 150x — S on the interval [1, co). 


Critical Point: d 3 
— = 150 — r? = 0 > z = 10. 
7 50 z” 0 x 0 


First Derivative Test: 


eV Shi Se E W yea À 
dx dx 


thus V has a maximum value at x = 10, by the first derivative test. 


At the critical point, x = 10,y = 10 and V = 10° = 1000. So the maximum volume 
of the box is 1000 cm?. 
Second Derivative Test: 

dV 


Thus, as before, at the critical point, x = 10,y = 10,V = 1000, the volume is a 
maximum. 


6. [9 marks] Find the following limits. 


a marks} lim ea 
tajl Kel a sin(3z) 


Solution: Make use of the basic trig limit lim me =]. 
tan(5z) 1 sin(5z) z 
im — = lim : 
20 sin(3z) z=>0 \cos(5z) z  sin(3z) 
5 i sin(5z) (3z) 
—* . . 1 
3 250 (5z) 250 sin(3z) 
1 
= les 
1 


woa wl ot e| rR 


(b) [4 marks] lim x’ sin (1 + > an =) 
rT T 


H oe d 


Solution: Use the Squeeze Law. 


1 1 
r40 > -issa (14145) <1 
x x 
1 1 
=> -a < asin (1+2 +5] 
x x 


Both 
lim(—z?) = 0 and lim z? =; 


x0 


so by the Squeeze Law, 


1 1 
lim x? sin (1+2+5) =0 
G2 


Tr 


as well. 


<r 


d 
7. [7 marks] Find the value of 2Y at the point (x, y) = (2, 1) if 


dx 


pris psin(ym/x) 


Solution: differentiate logarithmically. 
y +1= sin(yt/t) In(y? +1) =In (Sinton /2) ) = sin(ya/x) Ina 


Qyy’ '£ — 1 
r ke cos(ym /x) (==) Ing + sin(yr/x)7 


2y' Qry’ — T l 1 
x£ =2,y ae a cos(7/2) ( i n2 + sin(7/2) 5 


j 1 


University of Toronto 
SOLUTIONS to MAT186H1F TERM TEST 1 
of Tuesday, October 6, 2009 


General Comments about the Test: 


e Many students seem to have missed the instructions on the front page of the test: 
Present your solutions in the space provided. This means: show your work! 


You won’t get full marks on a written test question unless you explain your solution 
clearly and completely. 


e Questions 1, 2(a), 4, 5(a), 6 and 7 are all completely routine. 


e In Question 2(a), 0 < cos-!(—2/3) < m, so the sine of this angle must be positive. A lot 
of students gave two answers, a negative and a positive one. 


e Questions 2(b) and 5(b) were the hardest questions on the paper. 5(b) starts out routinely 
enough-rationalize—but then you have to realize that |z| = Vx? = —2, since x — —o0, 
to finish it correctly. 2(b) is a variation on a WileyPlus assigned question about inverses. 


e The limits in Questions 3(a) and 3(b) are not the same; a lot of students ignored the 
absolute value in both parts and got the same answers for both parts—which completely 
misses the point of this question—and is a major error. 


e In Questions 6(b) and 7(a) you have to clearly explain how the Intermediate Value The- 
orem and the Squeezing Theorem, respectively, apply, to get full marks. 


e In Question 7(b) you have to clearly show how the basic trig limit can be invoked to finish 
the calculations. 


Breakdown of Results: 491 students wrote this test. The marks ranged from 15% to 100%, 
and the average was 70%. Some statistics on grade distributions are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 9.6% 
32.8% 80-89% 23.2% 


24.9% | 70-79% 24.9% 
17.5% | 60-69% 17.5% 
13.2% | 50-59% 13.2% 
11.6% | 40-49% 7.5% 
30-39% 1.4% 
20-29% 1.8% 
10-19% 0.8% 
0-9% 0.0% a |. 


H o a w S> 


1 
1. [9 marks] Suppose cos z = 5 and sinz < 0. Find the exact values of the following: 
(a) [2 marks] sin x 


Solution: 


sing = —vyl1 -— cos? x 


|l 

| 

p= 

| 
ATTN 
a| = 
N 
N 


EE 
- 5 
2 
z pve 
(b) [3 marks] sin(2z) 
Solution: 
sin(2x) = 2sinxcosxz 
2 1 
— 2 — — PAR 
Coel 
4 
= ave 


(c) [4 marks] cos (z + =) 


Solution: 


Q 
O 
v 

P 
8 
le 

IN 

Sv 

|l 


W -i T 
cos x cos = — sin g sin = 
6 6 


s 


2(a) [4 marks] Find the exact value of sin (cos (-3) ) 


2 2 
Solution: let 0 = cos”! (-3). Then cos @ = E and 5 <0 <r. So 


n 

5 
a 

Â 

O 

vn 

iL 
a. 
wl bh 
NE 
NY 

II 

o 

5 

D 


(x-2)? +1, ifr<2 
2.(b) [5 marks] Find the formula for f~t(x) if f(x) = 9 
=, it 
£ 


Solution: the graph of f is shown below, along with the line y = x. Then 


and 
g=(y-2P+ley=24v2-1. 


Since (0,5) is on the graph of f, (5,0) must 
be on the graph of f~'. So 


—-Vx—-14+2, ifx#>1 


2 . ` 
—, fO<zr<1 
x 


Aside: other observations that can help you organize this question: the range of f is 
y > 0, so the domain of f~' must be x > 0; and the domain of f is R, so the range of 
f-t must be R. The point (2,1) is the dividing point for the two cases of f, so the point 
(1,2) is the dividing point for the two cases of f~t. 


3. [9 marks] Find the following limits. 


2 

-x-2 

(a) [3 marks] lim EEA 
z—=2t xr—2 


Solution: factor and simplify. 


i |x? — z — 2| > (z = 2)(@ +1) _ fi |x — 2\|2 + 1| 
rot £z-2 r—2+ r-—2 rot £z-2 
— 2 1 
= lim G Iet ) since x > 2 
22 £z-2 
= lim(#+1)= 
r—2 
|x? — x —2| 
b) [8 ks] 1 
DORI aa 
Solution: factor and simplify. 
ee ee —2 1 —2 1 
en eH _ yg w= Det) fe 2le +1 
22 xr—2 r2- £-2 r32- £-2 
—(x —2 1 
= lim G es ) since x < 2 
22- r-—2 
= lim -—(x+1)=-3 
gr—2-7 
sin z 
3 ks] lim ——¥— 
(ep nake Pine 1 — cos x 
Solution: multiply through by 1 + cos z. 
, sin x sin x (1 + cos x) 
lim ——_ = lim 
z—0- 1 — cosg z—0- (1 — cosx)(1 + cos x) 
_ sina (1+ cosx) 
= li 
z=07 1 — cos? gx 
a Ss AnaL : cos x) 
207 sin“ x 
1 2 
= lim es which is in — form 
z0- sing 07 


= —0O 


4. [8 marks] Find the following limits. 


(a) [3 marks] lim a 


29 ./% — 3 


Solution: factor and simplify. 


2-9 _ mE DVE) 


li = 
= lim vz +3 
= 6 


Alternate Solution: rationalize and simplify. 


(b) [5 marks] lim eS 
x29 ay — 3 


Solution: rationalize twice and simplify. 


v3r +9- 6 | (v3x +9 — 6)(v3x + 9 + 6)(vz + 3) 


lim ——————-. = lim 


r9 yr-3 a9 (yT — 3)(V3x +9 + 6)(VT + 3) 
— jm BE +9 = 36)(V +3) 
a8" (a — 9) (304-9 +6) 
ee (3x — 27)(./x + 3) 
29 (x — 9)(/3a +9 + 6) 
feat 3(a — 9) (vz + 3) 
29 (x — 9)(/3a + 9 + 6) 
Sie 
29/374 +9+6 


- (eh) 


No] w 


Alternate Solution: 


ei yv3r+9-—-6 2. vyv3r+9-6 x-9 
lim —————— = lim . im ————__— 
z>9 „r3 z—>9 r—9 Jx—-3 r—9 r—9 


by part (a). To finish, rationalize and simplify in the remaining limit. 


5. [8 marks] Find the following limits: 


2432 —14 
(a) [3 marks] lim SE 


Solution: divide through by the highest power of x. 


fie x? + 3x — 14 =, in 1 +3/x — 14/2? 
z>% 4-— 3r? 200 4/x? —3 
= 1+0-0 
E 
E 1 
= ES 


(b) [5 marks] lim vz?+ 9r +x 


wL—— Oo 


Solution: rationalize and simplify. 


isd (fa? + 9x + 2)(V x? + 9a — zx) 
E90 Vz? +9r-—- r 


r? +92 — 2? 


lim V22+9r+2 


= in — 
z>- yg? + 97 — zr 
ji 9x 
= ım e 
z>- yg? + 9r — zr 
: 9 
= lim -= 
r——oo Vxt’+9r _ 1 
9 . 
= lim , since x < 0 
z=- _ /x?+9r 1 
z2 
= 9 
t—>—oo —,/1+9/x— 1 
- 9 
—y1+0-1 
9 


x? — 6x +5 


6.(a) [5 marks] Find all the discontinuities of f(x) = eye 7 and determine if each dis- 
T — 
continuity is removable, jump or infinite. 
Solution: discontinuities: z? — 1 = 0 & qx = +1. 
At a= 12 
_ 2? —6r+5 
pee) ge gee 
—5)\(x— 1 
_ mie- 
ri (2+ 1)(@— 1) 
ens, 
= lim 
alge+] 
SD: 
so f has a removable discontinuity at x = 1. 
Atxz=-l1: 
x? —6r+5 
li = lm — WW 
eae P(x) Renae x? —1 
—5)(e-1 
ig, ==) 
21+ (x + 1)(x — 1) 

— —6 
= „im, T which is in T form 
= —Ow, 

and 
xz? —62+5 
li = lim — 
gene P(x) Moe x2 — 1 
-5)\(z—1 
n ==) 
x>-1- (x + 1)(x — 1) 
—5 —6 
= lim nnr which is in — form 
eine +1 0- 
— OO, 
so f has an infinite discontinuity at x = —1. 


6.(b) [4 marks] Using the Intermediate Value Theorem, explain succinctly why the equation 
x — cos x = 0 has at least one solution in the interval [0, 7/2]. 


Solution: let f(x) = x — cos z, which is a continuous function for all x. Observe that 
f(0) =0-—cos0 =0-1=-1<0 
and 
f(a/2) = 1/2 —cosa/2=7/2-0=7/2>0. 
So by the Intermediate Value Theorem, there is a number c € (0,7/2) such that 
f(c) =0 & c-— cosc = 0. 


7. [8 marks] 


(a) [4 marks] Use the Squeezing Theorem to find lim (x — 2)? sin(sec(T/£)). 


Solution: sec(7/2) is not defined. Use the Squeezing Theorem. 


x #2 => —1 < sin (sec(t/x)) < 1 
=> —(z —2)? < (x — 2)}° sin (sec(r/zx)) < (z — 2)? 


Both 
lim —(z — 2)? = 0 and lim (x — 2}? = 0, 


x2 


so by the Squeezing Theorem, 


lim (x — 2)? sin(sec(z/a)) = 0 


x2 


as well. 


._ ,,,.. sin(—4z) 
(b) [4 marks] Find lim sao 


sin h 


Solution: make use of the basic trig limit lim 7 a 1. 


a sin(—4x) 2 n _4 sin(—4r) (7e) 

s>0 sin(Tr) im ( 7 (—4z) as 
4 a sin(—4r) | in (7x) 
7 «230 (—4r) 2-0 sin(7xr) 


1 
= -x=:l- T making use of the basic trig limit 


University of Toronto 
SOLUTIONS to MAT186H1F TERM TEST 1 
of Tuesday, October 19, 2010 


General Comments about the Test: 


In a written test you must explain what you are doing to get full credit. The answer by 
itself is worth very little if you don’t explain how you got it. You can’t just plop down 
formulas and expect the marker to figure out what you are doing. You are supposed to 
make it clear what you are doing. 


Some students were confused: sin~' z, sec7! x and tan7! g are inverse trigonometric func- 
tions, NOT reciprocals! 


In Question 6(a) you have to indicate how continuity is used to get the equations for m 
and b, to get full marks. 


In Question 6(b) you don’t have to use the definition of derivative at x = 2 or x = —1, 
although we would have gladly accepted that. All you have to check is for which values 
of x the derivative f’ is continuous. 


In Question 7(a) you have to state that the polynomial is continuous on the given interval; 
otherwise the Intermediate Value Theorem does not apply. 


Breakdown of Results: 499 students wrote this test. The marks ranged from 5% to 100%, 
and the average was 66.5%. Some statistics on grade distributions are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 14.8 % 
28.2 % | 80-89% 13.4 % 


22.2 % | 70-79% 22.2 % 
15.0 % | 60-69% 15.0 % 
14,8 % | 50-59% 14.8 % 


1 o a w e 


19.6 % | 40-49% 9.6% 
30-39% 6.0 % 
20-29% 2.6 % 
10-19% 0.4% 

0-9% 1.0% 


1. [8 marks] Find dy if 
dx 


(a) [3 marks] y = z tan z. 


Solution: use the product rule. 


d 
2y = tan z + r sec? x 


dx 


(b) [5 marks] 4a if x > 0. 
Solution: use logarithmic differentiation. 
y=" > Iny=singlnz 


y' 
=> 2=cosrinz+ 


yY 
; sin © 
> y Sa (cosirins + ) 
£ 


sin £ 


2. [8 marks] Find all the points on the graph with equation y = 4 — 2? such that the tangent 
line to the graph at each of these points passes through the point (2,9). 


Solution: let the point of contact be (a,4— a7). Let f(x) = 4 — x”. Then the slope of 
the tangent line to the parabola from the point (2,9) is 


9 — (4— a?) 
2—a 


using the slope between two points, and is also 


F(a = -2a 
using calculus. Hence 


9— (4-a? 
27) ag 540? = lat 2a? ada 5 =0 a =5 or —1. 
—a 


So the two points on the parabola from which the tangent line passes through the point 
(2,9) are 
(—1,3) and (5, —21). 


3. [8 marks] Find the value of the following derivatives at the indicated point. 


dsec~1(e*/?) 


(a) [4 marks] rR 


-att = Ino: 


Solution: use the chain rule. 


dsec™t(e®?) 1 er/? 
dx gx /2 (e*/2)2 — 1 2 


At x = ln 5 this simplifies to 


dsin~'(1/z) 


(b) [4 marks] Te 


sat £ = — v2. 


Solution: use chain rule. 


eee == = (- 5) 


At « = — v2 this simplifies to 


1— 
4. [8 marks] Let f(x) = tan“! (=) , for —1 < z < 1. Find: 


(a) [4 marks] f~!(z) 


Solution: interchange x and y and solve for y: 


oe 1l-y 
x = tan — tanz = —— 
1+y 1l+y 

tang +ytanz =1— y 


y(tangz + 1) = 1 -— tang 
1 — tanx 


t 4g 4 


So the formula for f~! is 
_ 1l-tangz 


PUS 1+tanz 
(b) [4 marks] (f~')'(7/4) 


Solution: use the quotient rule. 


— sec? x (1 + tan x) — sec? x (1 — tan x) 
(1+ tan x)? 


(Y (£) = 
Consequently, 
E E N) 


(1+1)? H 


(SYA = 


Alternate Solution: use f~!(7/4) = 0, since f(0) = tan™! 1. You can differentiate 
implicitly to obtain 


tan(f(a)) = 7 S ee = >t = 
Let x =0: 
sec2(n/4) (0) = -2 > f"(0) = -1, 
and so “ny us i E a | 
FUG) ~ FO 


5. [8 marks] Find the following limits: 


(a) [3 marks] lim 


wL—- OO 


2 + 3x — 27x" 
1 + 8x? 


( 


yo 


Solution: divide through by the highest power of x. 


lim ( 


(b) [5 marks] lim 


T— OO 


Solution: rationalize and simplify. 


lim 


wL—-O0O 


1+ 8x? 


(v2? + 0r- 2) 


(va? +e - 2) 


2+ 3x — 27r’ 


/3 


) 


.  24+3z— 27r? 
lim == 
Z—00 1+ 8x2 


r 


0+0- 27\ 1 
0+8 


(Va? + 10x — x)(Va? + 102 + x) 


lim 
t—>—00 Vx?+10r+2 
, r? + 10x — x? 
lim 
rs—oo yg? + 10r +2 
. 10x 
lim 
z=- yg? + 10r +x 
j 10 
TEA vV x2+10x + 1 
10 
lim , since x > 0 
L——CO x?4+10x H 
; 10 
lim 
x00 ,/1 + 10/z +1 
10 


aise ORL 


x+7 if G2 
6. [9 marks] Suppose f(z) = 4 ma+b if -l<a<2 
Ie? =a if x<-—l 


(a) [5 marks] Find the values of m and b so that f is continuous everywhere. 


Solution: since f is comprised of polynomial functions, which are continuous ev- 
erywhere, you only need to make the one-sided limits at x = 2 agree, and at z = —1. 
At ¢= 2: 

jim f(x) = jim f(z) > 2m +b = 11; 


at x = —1: 


lim f(z)= lim f(z) => -m +b= -1. 


x——1*+ 2-17 


Solving for m and b gives m = 4,b = 3. 


(b) [4 marks] Assuming that f is continuous everywhere, find all points, if any, at which 
f is not differentiable. 


Solution: with m = 4 and b = 3 we have: 


eet+7 if x>2 2x if r>2 
f(z) =4 4r+3 if —-1<xr<2 > f'(x)= 4 if -l<a<2 
OF ae. if x< -—i1 6z? —1 if x< -—l1 


So the only two possible points at which f might not be differentiable are z = 2 and 
x = —1. At x = 2, 
lim f'(x)=4= lim f'(x), 


x—2+ r—2- 


so f is differentiable at x = 2. But at x = —1, 


lim f(x)=4#5= lim f'(x), 


x—-—1+t fe 


so f is not differentiable at x = —1. Conclusion: f is not differentiable at x = —1, 
only. 


7.(a) [4 marks] Use the Intermediate Value Theorem to explain, clearly and concisely, why the 
equation x? + x? — 2x — 1 = 0 has at least one solution in the interval [—1, 1]. 


Solution: let f(x) = x?+2?—2z-1, which is a polynomial function and so is continuous 
for all x. Now consider f(x) on the closed interval [—1, 1|: 


f(—1)=1 >0 and f(1)=-—1 <0. 
So by the Intermediate Value Theorem there is a number c € (—1, 1) such that 


fi) =0 8r +e- 2x-1=0. 


2 


Te (b) [4 marks] Find lim 1 — cos(3x) 


inh 
Solution: make use of the basic trig limit lim T =k 


, r? , x*(1 + cos(3x)) 
lim ———__~ lim 
z>0 1 — cos(3x) z—0 (1 — cos(3x))(1 + cos(3x)) 
x*(1 + cos(3z)) 
z>0 1 —cos?(3z) 

2 

1+ 

n? ( | one) 
z>0 sin (3x) 


= (I + cos(32)) (F a) 


= lim — 
3 2-0 sin(3x 
2. 93 3x 


9 a0 sin(3z) 


| 
OINOIN OIN 
. j 
m. 
jai 


d 2 
8. [9 marks] Find both = and = at the point (x,y) = (1,1) if 2j/e-— „y = xy. 
£ £ 


Solution: differentiate implicitly. 


a 2 1 dy © OU e E e LY 
2yr Byde 9 "de Ve yds 9" “de 
At (x,y) = (1,1), this becomes 


2/zr—V/y=xy 


1 dy dy dy 
1- =14 = 0. 
2dx dx 7 dx 
*y 
To find da differentiate implicitly once more: 
T 
1 E A dy 1 1 dy\? 1 dy _ dy dy dy 
yz 2fy daz TATE ig 23/2 ` 4y3/2 \ dz 2/ydx2 da dr dz 
At (x,y) = (1 Ded 26 so 
Y ca z dx TN 
l,a l@y ani ty. E 
oe 2 dz? KENG dx? dz? 3 


Alternate Solution: not recommended. Solve for y as a function of x and differentiate 
explicitly. 


—1 +4/1 +8ry/z 
ry + f/y-2/t=0> Wy= z va 
Since y = 1 when x = 1, take the positive square root and square both sides: 


1—21 +8ryxr+1+8ry/x 1-— y1+8ryT + 4ry/T 
y = — . 


Aa? Qu 


Whence, after much work: 


dy V1 + 873/2 — 1 — 5a3/? + x3/2 V1 + 873/2 


dx er /1 + Q 73/2 
and 
ay 3 | —25x? — 60x7? + 17V/1 + 8a9/22? + 8V1 + 823/207? + 2V1 + 813 /T — 2x 
dx? 2 x9/2(1 + 823/2)3/2 
d d? 1 
For x = 1,y = 1 we obtain the same answers: LERNE oe ee 


dx: dx? 3 


University of Toronto 
SOLUTIONS to MAT186H1F TERM TEST 
of Tuesday, October 18, 2011 
Duration: 110 minutes 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Answer all questions. Present your solutions in the space provided; use the backs 
of the pages if you need more space. The value for each question is indicated in parantheses 
beside the question number. Do not use L’Hopital’s rule on this test. TOTAL MARKS: 60 


General Comments about the Test: 


e In a written test you must explain what you are doing to get full credit. The answer by 
itself is worth very little if you don’t explain how you got it. Moreover, you can’t just 
plop down formulas and expect the marker to figure out what you are doing; you are 
supposed to make it clear what you are doing. 


e In 3(a), 7/2 < 0 < T, so sin 0 must be positive, not negative. 
e In 5(a) you have to invoke the basic trig limit to get full marks. 


e In 5(b), a lot of people wrote tan~'(—oo), which is meaningless. Indeed, there was lots 
of bad notation on far too many tests! 


e In 6(b), for both y = f(x) and y= f-'(z), x < 0 & y < 0. So for 3 < xz < —1, 


8x? J8x ; 
, since x < 0. 
Za? 


=i =Z ” 
f@)=-\5- a = 
Breakdown of Results: 486 students wrote this test. The marks ranged from 0% to 98.3%, 


and the average was 73.3%. Some statistics on grade distributions are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


15.04 

Grade % Decade % J 
90-100% 13.6% 2s 

A 41.6% | 80-89% 28.0% J 
B 23.7% 70-79% 23.7% 10.0] 
C 18.1% | 60-69% 18.1% J 
D 10.1% | 50-59% 10.1% 754 
F 6.6% | 40-49% 3.5% J 
30-39% 1.9% 5.0 

20-29% 0.6% | 

10-19% 0.4% 25 

0-9% 0.2% J 


1. [8 marks; 4 for each part] Find a if 
x 


_ sin £ 
~ tanz+1° 


(a) y 


Solution: use the quotient rule. 


dy cosz(tanz+1)—sec?xsinzg sinx+cosx —tanzsecx 


dx (tan x + 1)? E (tan x + 1)? 


(b) y= V1 + Va? + zt. 


Solution: use the chain rule. 


dy 1 (Qa +4?) _ x + 2x3 


de o/it Varta? 2Wetet wit Vetaive toe 


Note: Vx? + xt = |x|V1+ 22, if you choose to make this simplification, so x is not 
a common factor that can be cancelled. 


. [6 marks] Find equations for two lines through the origin that are tangent to the ellipse 
with equation 2g? — 4x +y? +1 = 0. 


Solution: differentiate implicitly to find dy/dz: 


d d 2—2 
a aap EE E E O E E EE = 
dx dx y 


Let the point of contact of the tangent line and the ellipse be (a,b). Then (1) 
2a” — 4a +b +1 =0, 


and the slope of the tangent line is 


dy 2-— 2a 
de b’ 
so the equation of the tangent line is 
y—-b 2-—2a 
E—-a@ b ` 


Substitute the point (x,y) = (0,0) into the equation of tangent line to obtain (2) 


—b 2-—2a 
=a 


Sb’ = 2a — 2a” > 2a? — 2a +b? = 0. 
Subtracting equation (2) from equation (1) gives 

1 
sre be Use e= 


Then from equation (2), b? = 1/2, so b = +1//2. Thus the equations of the two required 
tangent lines are 


y= —_(e-a) +6, 
that is i i i i 
ee ET ee eee 
açiga) 
or simply 


2 
3. [8 marks] Given that 0 = cos”! (-:) find the exact values of the following: 


(a) [2 marks] sin 0 


Solution: we have cos@ = —2/5 and 7/2 < 0 <7, so sin 0 > 0. Consequently 
-2\? [2 _ v2 
sin = v1 — cos? 0 = 1- (+) SA = ae 


(b) [3 marks] sin(20) 


Solution: use the appropriate double angle formula. 


sn(2) = 2sin feos = 2 (2) ( 3 4v2 


5 


25 


(c) [3 marks] cos (0 — =) 


Solution: use the formula for cos(a — 8). 


cos (o — =) 


cos 0 cos (=) + sin ĝ sin (=) 


<n ee AL a8 
~ 52 5 2 
IAT I 


4. [8 marks; 4 marks each] Find the following limits: 


xr? +5¢? — x-5 
e>-l1 g?—3r—4 


Solution: factor the numerator and the denominator. 


x? + 5r? — x-5 _ (x +1)(x? + 4x — 5) 
2_ 37 —4 a>-1 (x+1)(x-— 4) 
r? +4r-—5 


F 
I 
F 


Grii 4—/3x+ 16 
z—0 2x 


Solution: rationalize the numerator. 


n4 yti in 4 V3 + 16)(4 + v3e +16) 
im ————— = 


xz—0 22 x0 22(4 + V 3x + 16) 
16 — (3x + 16) 


lim 
x0 27 (4 + y3x + 16) 


3 x 

—— lim 
22507 (4 + 3a + 16) 
3 1 


rrr 
3i 

 2(4+4) 
3 


16 


5. [8 marks; 4 marks each] Find the following limits: 


tan(5z) 
im — 
x0 sin(2x) 


inh 
Solution: reduce the limit to applications of the basic trig limit lim T El, 
1 i 2 
(pm e fy Oa ee 
20 sin(2z) 22-0cos(5xz) 2-0 5x 20 sin(2z) 
1 1 
SS Eea aE 
1 1 


NIANI Ot 


(b) lim tan7! (- +). 


x07 3x 


z 
Solution: let u = ; as x —> 07, u— —oo. So 


1 
lim tan ( =) = lim tantu 
xz—0- 32 u—— o0 
T 


x if zr>1ı 


6. [8 marks; 4 marks for each part] Suppose f(x) = 2 if (Slee < 
a if x<-l 
ae 


(a) Show that f(x) is continuous at both z = 1 and x = —1. 


Solution: observe that f(1) = 1 and f(—1) = —1. At z = 


lim f(z) = lim z? = 1 and lim f(x) = lim z = 


alt alt a—1- 
So 
lim f(x) = f(1) 
and f is continuous at z = 1. At x = —1: 
lim f(x) = li SP ie. taal day, POS: fe eS 

He ae ge ee 

So 
Jim f(x) = f(-1) 

and f is continuous at x = —1. 


(b) Find the formula for f~!(x). (Assume that f is invertible.) 


Solution: for x > 1, take f~!(x) = yz; for —1 < x < 1, take f(x) = zx. 
For z < —1 and y < 0: 


ome es Jz if ssi 
Vy +8 

=> xy? +8) = 9%’ 

=> 8r? =(9—27)y? 


7.(a) [3 marks] Use the Intermediate Value Theorem to explain, clearly and concisely, why the 
equation z? — x — 1 = 0 has at least one solution in the interval [1, 2]. 


Solution: let f(x) = x? — x — 1, which is a polynomial function and so is continuous for 
all x. Now consider f(x) on the closed interval [1, 2]: 


f(1) =-1 <0 and f(2) =5 > 0. 
So by the Intermediate Value Theorem there is a number c € (1,2) such that 


fic) =06 8 —c-1=0. 


7.(b) [3 marks] Suppose f(x) is a function such that 1 — z? < f(x) < cosg for all x in the 
interval (—7/2,7/2). Find lim f(x). 


Solution: use the Squeezing Theorem. Since 


lim(1 — z?) = 1—0 = 1 and lim cos x = cos0 = 1 


x—0 


and 
1—2’ < f(x) < cosz, 


for all x € (—1/2,7/2) it follows from the Squeezing Theorem that 


lim f(x) = 1. 


x—0 


2 
8. [8 marks] Find both and = at the point (x,y) = (1,1) if 2? — 4y? = Try — 10. 
x x 


Solution: differentiate implicitly. 


dy 
dx 


d 
dr — 8y > = Ty + 7x 
z 


At (x,y) = (1,1), this becomes 


dy dy dy 
2— =74 2s 
d T Ge = dx 
dy .. hi en hee 
To find da’ differentiate implicitly once more: 
x 
dy dy dy _dy „dy „ dy 
a OO? i er | ae 
dy 1 
A 1,1), —=-- 
t (y) = (1,1), B= -5 s0 


University of Toronto 
Solutions to MAT186H1F TERM TEST 
of Tuesday, October 16, 2012 
Duration: 100 minutes 


Only aids permitted: Casio 260, Sharp 520, or Texas Instrument 30 calculator. 


Instructions: Answer all questions. Present your solutions in the space provided; use the 
backs of the pages if you need more space. Do not use L’Hopital’s rule on this test. The value 
for each question is indicated in parantheses beside the question number. Total Marks: 60 


General Comments about the Test: 


e In a written test you must explain what you are doing to get full credit. The answer by 
itself is worth very little if you don’t explain how you got it. Moreover, you can’t just 
plop down formulas and expect the marker to figure out what you are doing; you are 
supposed to make it clear what you are doing. 


e Questions 1, 2, 3, 4, 5(a), 7, 8 and 9 are all considered straightforward, routine questions. 
Everybody should have aced these. That’s 50 out of the 60 marks on this test. 


e Only Questions 5(b) and 6 are considered difficult questions. 


e You must refer to the basic trig limit, 
int 
m =, 
t30 t 


to get full marks in the two parts of Question 5. 


e Many students still have no clue how to use = or => correctly! 


Breakdown of Results: 523 students wrote this test. The marks ranged from 18.3% to 100%, 
and the average was 68.6%. Some statistics on grade distributions are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 8.2% 
26.6% 80-89% 18.4% 


25.6% | 70-79% 25.6% 
24.5%) 60-69% 24.5% 
12.6% | 50-59% 12.6% 
10.7% | 40-49% 6.5% 
30-39% 2.7% 
20-29% 1.1% 
10-19% 0.4% | 
0-9% 0.0% — 


H o a w > 


1. [7 marks] Find dy if 
dx 


(a) [3 marks] y = In(1 + sin? x). 


Solution: use the chain rule. 


dy 1 d(l+sin’x)  2sin z cosg 
dr 1+sin?z dx =~ 1+sinz 


(b) [4 marks] y = e°? Va? + 1. 


Solution: use the product rule: 


dy 2x : : 
= OS® — gin pe vyr? +1= — sin g e°% Vx24+1 


dx 2V2 +1 vz? +1 


Or use logarithmic differentiation: 


1 5 y' l 1 2r 
lny = cosa + 5 In(x +1) > u oe 
= Y (-snz+ ) 
dx 241 
oF — _ sing eo" r? +14 me 


3 
2. [7 marks] Given that 0 = cos”! (-3) find the exact values of the following: 


(a) [3 marks] tan 6 


Solution: Note 0 is in the second 
quadrant, by definition of the inverse 
cosine function. In the triangle to the 
right, 


(x,y) = (-3, VT) and r = 4. 


So 
tan@ = La Al 
3 
Alternate Solution: 
aN 7 7 
tan? 0 = sec?’ 0 — 1 = (-5) -1 = 9 = tan? = a4 


since 0 is in the second quadrant. 
(b) [4 marks] sin(20) 
Solution: use the appropriate double angle formula. 


sin(20) = 2sin@ cos = 2 ($) (-3) = E 


where we calculated sin 0 from the triangle in part (a). Alternately: 


9 T 77 
e — ns, 2 => — z= — 
sin? = V1 — cos yi T E 7 


3. [6 marks] Find equations for two lines 
through the origin that are tangent 
to the ellipse with equation 


2z? — 6r +y +4=0. 


The graph of the ellipse is shown to 
the right. 


Solution: differentiate implicitly to find dy/dx: 


dy dy 3-—2x 


2x? —6a +Y? +4= 0> 4r — 6 +2y =0S 2 = 
dx dx y 


Since the tangent line is to go through the origin it must have equation y = ma. Let the 
point of contact of this line and the ellipse be (x, y) = (a, b). Then (1): 


2a? — ba + b? + 4 = 0 S b? = ba — 2a? — 4. 


Now calculate the slope of the tangent line in two ways: 


b 3— 2a 
m = — and m = i 
a b 
So (2): 
b 3—2a 2 2 
aaa & b° = 3a — 2a’. 


Subtracting equation (2) from equation (1) gives 
4 
3a—4=0 a= 3° 


From equation (1), 


32 4 2 
bP =8-—-4=-3)=4- 
9 9 3 
Then 
#8 a 
ae ; a 
so the tangent lines have equations 
z 
Y=a5 


4. [7 marks] Find the following limits: 


2427-3 
(a) [3 marks] lim 4 


Solution: factor the numerator and the denominator. 


lim 2 22 = 3 _ im (2 Ve +3) 
aig? — 5z + 4 z>1 (x — 1)(x — 4) 
s r+3 
alae —A 
B 4 
TOR 


(b) [4 marks] lim wee 


xz—0 x 


Solution: rationalize the numerator. 


_ y4r+9-3 _ (v4r +9- 3)(v4r + 9 + 3) 
lim ————- = lim 
20 x x—+0 x (4a +943) 
; 47 +9-—9 
= lim 


x0 x (/4a +9 +4 3) 
li 2 
im ——_—— 
20 yir 9+3 

4 


= lim 
x20 V9 + 3 


2 


3 


5. [7 marks] Find the following limits: 


Gh Gaia ingsi (2). 


~— 00 x 


Solution: this limit is in the oo - 0 indeterminate form. To reduce this limit to an 
application of the basic trig limit, 


ie ot 
t-0 t 
let t = 4/2: 
4 int 
lim æ sin (=) = 4 lim ani PE ee E A 
r—o0 T t—=0+ t 
sin(72) 


(b) [4 marks] lim 


xr—>2 g — 


Solution: this limit is in the 0/0 indeterminate form. To reduce this limit to an 
application of the basic trig limit, let h = x — 2. Then x = 2 + h and 


f : 9 
ih sin(72) — im n(h+2) 
r—2 4-2 h—0 h 
=e sin(7h + 27) 
h—0 h 
~. sin mh cos27 + cos 7h sin 27 
= lim 
h0 h 
=} sin 7h 
= Sear ahh 
ES sin(rh) 
h=0 rmh 
nm -l=q, 


making use of the basic trig limit again, with t = mh. 


6. [6 marks] Determine if each of the following functions is continuous at x = 0. Justify your 


answer. 


£? cos (+) if «£40 
(a) [3 marks] f(x) = 
1 if x=0 


Solution: for x Æ 0, 
1 2 2 1 2 
—] < cos | — | < 1 > =—x^ < x^ cos | — | < x°. 
F £ 


Since 
lim(—a?) = 0 = lim(z’), 


x0 x—0 


the Squeezing Theorem (or Squeeze Law) implies that 


1 
. = 2 aE 
lim f(z) = lim x” cos (=) 0. 


But f(0) = 1 Æ 0, so the function f is not continuous at x = 0. 


sec (4) if «#40 
(b) [3 marks] f(x) = 
2 if 2 "0 


Solution: use sec~' y = cos!(1/y), for y 4 0. Then 
lim f(x) = lim sec™* ae lim cos“! z = cos10 = Ž 
x0 x—0 Tt x—0 2 ; 


But f(0) = 7/2, so the funciton f is continuous at x = 0. 


Alternately: 
1 
lim sec”! (=) = lim sec™t h = — 
x—0+t £ 00 
and i 
lim sec” (=) = lim sec th=-—; 
x20 x ——00 


so as before 


7.(a) [3 marks] State the Intermediate Value Theorem. 


Solution: quoting Theorem 1.5.7 from page 115 of the text book: 


If f is continuous on a closed interval [a,b] and k is any number between f(a) 
and f(b) then there is at least one number wz in the interval [a,b] such that 


cab 


7.(b) [3 marks] Use the Intermediate Value Theorem to explain, clearly and concisely, why the 
equation z? — z? — 2 = 0 has at least one solution in the interval [1, 2]. 


Solution: let f(x) = x? — x? — 2, which is a polynomial function and so is continuous 
for all x. Now consider f(x) on the closed interval [1, 2]: 


f) =-—2 <0 and f(2):=2-> 0. 
Let k = 0. By the Intermediate Value Theorem there is a number z € [1,2] such that 


flz)=k S r -r —2=0. 


2 
8. [7 marks] Find both and : 2 at the point (x,y) = (1,1) if 2?+y? = 6ry-— 4. 
x x 


Solution: differentiate implicitly. 


2 


d 
To find da’ differentiate implicitly once more: 
x 


dy dy y dy dy dy 
2+2 12 = 6 +6 
dx dx qr dx dx i 


dx? 
At (x,y) = (1,1), a = = SO 
2 2 2 d 
24+2(-1)? + ays pena! a4 a 


gu 
9. [7 marks] Let f(x) = Te = 


(a) [3 marks] Verify that f is its own inverse. 


Solution: Method I. Verify that (f o f)(x) = z: 


3— i  3-3r-(3-r) —2¢ 
1-22  1-2-(3-2) —2 


(Fo Ale) =f) =f G =) 7 


Method II. Find the formula for f~! by interchanging x and y in the formula for f: 


3— pn 
go E Sy a e soe eye A 
l-y l-r 


So f(x) = f(x). 


(b) [4 marks] Plot the graphs of y = f(x) and y = z in the same plane, indicating the 
discontinuities of f and any horizontal asymptotes to the graph of f. (NB. Don’t 
worry about critical points; this function doesn’t have any.) 


Solution: f has an infinite disconti- 
nuity at x = 1 since 


Sn 
lim f(x)= lim Teg 
r=1- r=17 1-2 
and 
3-2 
l = li —— 
Se ee ae 


This is indicated by the vertical 
asymptote x = 1 to the graph of 


y = f(x), at right. 


There is also a horizontal asymptote y = 1 to the graph of y = f(x) since 


= =i =i 
lim f(x)= lim 2: im d = 
L—-=00 x— too =L z—>T00 ie — 1 —1 


=]; 


NB: to get full marks the graph of y = f(x), shown in red, must be symmetric with 
respect to the line y = x, shown in green. 


University of Toronto 
Solutions to MAT186H1S TERM TEST 
of Wednesday, March 5, 2014 
Duration: 100 minutes 


Only aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Instructions: Answer all questions in the booklets provided. Each question is worth 10 marks. 
If a question has parts, the value of each part is indicated in brackets. Total Marks: 60 


1. Find dy at the point x = 0 if 
dx 


(a) [4 marks] y = e” sin™* x 


Solution: by the product rule 


so at x = 0 the derivative has value 1. 


3x2 +9 


(b) [6 marks] y = In ER 


(In(3a + 9) — In(4a + 3)), so 


NI rR 


Solution: simplifying gives y = 


dy 1 8 1 4 
d£ 23r+9 24r+3 


At x = 0 this is equal to —1/2. 


2. Find the following limits: 
(a) [4 marks] lim rng 


H ST 


Solution: this limit is in the 0- oo form. Rearrange it as a fraction in the oo/oo 
form and use L’Hopital’s Rule: 


lim z7Inz = lim ore 
20+ 20+ 1/x 


; 3a 2/2. 
(b) [6 marks] lim, (e** + x) 


Pf Pr 


Solution: this limit is in the 1° form, so take the natural log of the limit and then 
use L’Hoptial’s Rule: 


x 2 
L= lim te" + x) 2/ >lnL = lim -ln (e7 + x) 
x—0+t x—0t & 
3e°* + 1 
E a 


root e8% +g 


3. The parts of this question are not related. 


2 
3 
(a) [4 marks] Find all the asymptotes to the graph of y = Z = ; 
: r?’ +3 7 
Solution: by long division y = =r+2+ ——_. 
r—2 r—2 


So the graph of y has two asymptotes: 
a vertical asymptote x = 2, 2 
and a slant asymptote y = x + 2. 


(b) [6 marks] Find the maximum and the minimum value of the function 
f(x) = 2x? + 3x? — 12x on the closed interval [—3, 3]. 


Solution: the extreme values of f will occur at an endpoint of the interval [—3, 3] 
or at a critical point of f. To find the critical points of f: 


f'(x) = 6x? + 6x — 12 = 6(x — 1)(x +2) = 0 r = 207s 1, 


Compare the values of f at 


z = —3, —2, 1,3: 
f(-3) =9 
f(—2) = 20 
fQ)=-7 
f(3) = 45 


So the maximum value of f on [—3,3] is M = 45 and the minimum value of f on 
[—3, 3] is m = —7. 


4. Sketch the graph of f(x) = 24/3 + 4x'/3, for which you may assume 


4 (x +1) n- 4-2 


fi(z)= 3 ps and f"(x) = 9 Ra 


labeling all critical points and inflection points, if any. 


Solution: f'(x) >0 & z > —1,x #0; f'(x)<0 z< -1. 
So f is decreasing for x < —1 and increasing for x > —1. 


There is a min point at (x,y) = (—1, —3) and a vertical tangent at x = 0. 


f(z) s0Se2<0 ox > 2: 
7 @)<0Sl<g<2. 


So f is concave up for x < Oor x > 2 
and concave down for 0 < x < 2. The 
graph of f has two inflection points: 


(x,y) = (0,0) and (2,6(2'/3)). 


5. A cylindrical can, open at the top, is to hold 500 cm? of liquid. Find the height and radius 
that minimize the amount of material needed to manufacture the can. 


Solution: let the radius of the can be r, its height A; then its volume V and surface area 
SA are given by 
V = rr°h and SA = mr? + 2arh. 


es 500 500 1000 
V = 500 = h = — => SA = rr? + Qar | — | = rr? + —. 
are wr? r 
The problem is: minimize SA for r > 0. 
Critical Point: 
dS A dad 1000 ae 10 
—_ = Tr -— = ———— 
dr r? (27)1/8 
es aSA 2000 
—— = 27 + > 0 for all r > 0, 
dr? r3 
SA is indeed minimized at the critical point. The amount of materials will be minimized 
for 
10 500 5 (27/8 5 (2 
r= and h = = ( = 2) =r. 


(27)1/3 Tr2 qi/3 (27)1/3 


6. Two parallel paths 15 m apart run east-west through the woods. Brooke jogs west to east 
on one path at 4 m/sec, while Jamail walks east to west on the other path at 2 m/sec. If 
they pass each other at t = 0 how far apart are they 3 seconds later, and how far is the 
distance between them changing at that moment? 


Solution: Let Jamail’s position at time t be (y, 15) and let Brooke’s position at time t 
be (z,0) as illustrated on the diagram below, where t is measured in seconds since they 
passed each other. Let D be the distance between them at time t. We have x = 4t and 
y = —2t and D? = (x — y)? + 15”. Then: 


D? = (4t — (—2t))? + 15° = 36¢? + 225 


x dD dD 36t 
(y, 15) J (0, 15) ie R aaa 
So at t = 3, 
D? = 36(9) + 225 => D = V549 = 3V61 
. and 
(0, 0) B (x,0) dD 36(3) 36 


de 396 oT 


University of Toronto 


Solutions to MAT186H1F TERM TEST 
of Tuesday, October 15, 2013 


Duration: 100 minutes 


Only aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Instructions: Answer all questions. Present your solutions in the space provided; use the 
backs of the pages if you need more space. Do not use L’Hopital’s rule on this test. The value 
for each question is indicated in parantheses beside the question number. Total Marks: 60 


General Comments about the Test: 


e In a written test you must explain what you are doing to get full credit. The answer by 
itself is worth very little if you don’t explain how you got it. Moreover, you can’t just 
plop down formulas and expect the marker to figure out what you are doing; you are 
supposed to make it clear what you are doing. 


e To get full marks in 2(a) you must explain why cos 6 > 0. 


e In 5(a) many students wrote what looked like sin(x?) = x sin x, which is not true. More- 
over, you must refer to the basic trig limit, 


sint 
lim — = 1, 
t30 t 


and make it clear how it applies to your solution, to get full marks. 


e Most of the problems on this test were based on WeBWork questions, or exercises in the 
book. None of them should have come as any surprise. (And it looks like they didn’t.) 


Breakdown of Results: 448 students wrote this test. The marks ranged from 10% to 100%, 
and the average was 74.9%. Some statistics on grade distributions are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 22.3% 
A 48.2% | 80-89% 25.9% 
B 21.9% | 70-79% 21.9% 
C 12.7% | 60-69% 12.7% 

D 8.1% 50-59% 8.1% 

F 9.1% 40-49% 3.3% 

30-39% 2.9% 

20-29% 2.2% 

10-19% 0.7% 

0-9% 0.0% 


d 
1. [8 marks; 4 marks for each part.] Find and simplify on Gf 


dx 


tan x 


Bys l+ztanz 


Solution: use the quotient rule, and product rule. 


dy sec? g(1+gxtanzgr)-— tang (tang +grsec gs) _ 1 
dx (1+ ztanz)? ~ (1+ztanz)? 
4x —3 

b =] ——, f > 3/4. 

(>) y= in E fore > 9/ 


Solution 1: use properties of logarithms. 


4e—3\'? 1 
y=lIn (= 5] E (ln(4x — 3) — In(3z + 9)) 


ds dy 1 4 3 1 15 15 

= — or 
dx 2\4r—-3 3xz+9 2 (4z —3)(a +3) 2 (4x? + 9x — 9) 
Solution 2: use chain rule and quotient rule. 


dy — 4(3z +9) —3(4r —3) 1 15 me 15 


1 1 
dx [12-3 9, [42-3 (3x + 9)? 2 (4z — 3)(x +3) 2 (44? + 9x — 9) 
x+9 3x+9 


Solution 3: use properties of exponentials and implicit differentiation. 


ew 4x — 3 s 92 LY E 4(3x + 9) — 3(4z — 3) a 8 
3z +9 dx (3x + 9)? (3x + 9)? 
dy 1 45  13z+9 45 1 15 1 15 


> = = = 
de 2e% (3r +9) 24r—3(3r+9) 2(4r—3)(e+3) 20r? +9r—9) 


2 
2. [7 marks] Given that 0 = sin“! (-5) find the exact values of the following: 


(a) [3 marks] cos 8 


Solution: by definition of sin7! 


a 


2 
sing = —, and = sogi 


So cos > 0 and 
l gN 2 
cos6 = y 1 — sin? 0 = 1-(-3) -fŠ o n 


(b) [4 marks] cos(26) 


Solution: use the appropriate double angle formula. 


2\? 8 1 
cos(20) =1 ~2sin? 0 =1 -2 ( -2 =1-== 


Alternately: 


2 
1 1 
ca(an) = Boat -1 =2 (Y) eae eed 


3. [7 marks] At what point does the normal line to the graph of f(x) = —4 + 2x + 42? at the 
point (1,2) intersect the parabola a second time? 


Solution: 
f'(x) = 2 + 8z; f'(1) = 10, 


so the equation of the normal line to the graph of f at (1,2) is 


y—2 1 1 pA ae 7 
= See B=) =1 Sy 
x-1 fl) 10 (y—2) oe TG 


Now find the intersection of this line and the graph of f: 


21— 
a = —4 + 2x + 42? & 21 — x = 402" + 20x — 40 & 0 = 40x? + 21x — 61. 
Factoring: 
40x? + 212 — 61 = (x — 1)(40z + 61). 
Thus se 
402° + 21x -61 =0 ee =lorg=—- 7 


and the normal line to f at (1,2) intersects the graph of f a second time at 


61 61 61 901 
ten = (“pt (4) = Cho 1m) 


4. [8 marks; 4 marks for each part.] Find the following limits: 


ete f/3x+10—/4r +8 
x2 xr—2 


Solution: the limit is in the 0/0 form; rationalize the numerator. 


jin Woe tO VETS (/3e +10 — (4a $8)(V/3e + 10 + dr +8) 
im = lim 

22 xr—2 z—>2 (x — 2)(v3x + 10 + 4a + 8) 
TEE T +8) 


22 (x — 2)(V3r + 10 + vår + 8) 


= lim R 
z>2 (x — 2)(v3x + 10 + v4r + 8) 
= — lim 
22 4/37 + 10 + v4zr + 8 
Ee id 
—Vi6+V16 8 


3(a — 1) 


zl (« +1) 


3 


2 


5. [8 marks; 4 marks for each part.| Find the following limits: 


(a) lim sm): 


x0 Y 


Solution: this limit is in the 0/0 indeterminate form. To reduce this limit to an 
application of the basic trig limit, 


, vr? + llz 
(b) lim ———_—— 


x—=—-œ &8— 10x 


Solution: this limit is in the oo/oo indeterminate form. Factor inside the square 
root sign. 


Versi ii x? (1 + 11/x) 


lim 
zx—=—œ 8— 10x I-00 8 — 10x 


$ Vx? ,/1+11/z 
m 


r—>— 0 8 — 10x 


fn ETE 
N ee a 


r—>— 0 8 — 10x 


—x,/1 +11 
(since x < 0) = lim EEP 


I-00 8 — 10x 


—,/1+4+11 
— lim =v1+11/r 


2-0 8/r— 10 


6. [7 marks] Find the values of a and b so that 
az? +2x—1 if x<-2, 
f(z) = 


x? + br if x>-2 


is differentiable for all x. 


Solution: differentiability implies continuity, so one condition that a and b must satisfy 
is 


lim f(z) = f(-2) > lim (z? + br) = f(-2) > 4 — 2b = 4a — 5 > 4a + 2b = 9. (1) 


z—-—2 x——2t 
Since f is to be differentiable at x = —2 another condition that a and b must satisfy is 
an PEER- _ yn PEER EA) 
h—0- h hot h 
or equivalently lim_ f£) = lim | F(x) 
=> li 1 (2ax +2)) = lim (2x + b) 
=> —4a+2 = —4+b 
= 4a+b = 6. (2) 


Solving the system of equations (1) and (2) gives 


a= -— and b= 3. 


( 
3 
4 


7.(a) [3 marks] State the Intermediate Value Theorem. 


Solution: quoting Theorem 1.5.7 from page 115 of the text book: 


If f is continuous on a closed interval [a,b] and k is any number between f(a) 
and f(b) then there is at least one number wz in the interval [a,b] such that 


cab 


7.(b) [4 marks] Use the Intermediate Value Theorem to explain, clearly and concisely, why the 
equation x? + x? — 2x = 1 has at least one solution in the interval [1, 2]. 


Solution: let f(x) = 2° + x? — 2x, which is a polynomial function and so is continuous 
for all x. Now consider f(x) on the closed interval [1, 2]: 


f@)=0< and f(2)=8>1. 
Let k = 1. By the Intermediate Value Theorem there is a number z € [1, 2] such that 


f(z) = k & r? +r -2Q2=1. 


dy dy ' bee Y 
8. [8 marks] Find both — and — at the point (x, y) = (1, —2/5) if 
dx dx? £+ 


Solution 1: cross multiply and differentiate implicitly. 


=y = z? — 3 > y = (2° — 3) (x + 2y) = z" + 2x°y — 3a — by 
d d d 
=> 2 i + Bry 2094 —~3-6 (1) 
dx dx dx 
At (x,y) = (1, —2/5), this becomes 
dy 36 dy dy dy dy 1 
ame a ee 5 aes ae 
dx š 5 $ dx dx ‘ dx 5 dx 25 
dy .. l . EA A 
To find da?’ differentiate equation (1) implicitly once more: 
z 
dy dy dy Py dy 
—= = 908 + 144r y + 1828— + 1818- + 229 — 6. 
dz? Da T "de de dz? 
dy 1 
A zba = 
t (x,y) = (1, —2/5), = -5 so 


dy 2250-1440-36 774 y 774 
2 6.192. 
Fe 25 Dh dee” 196 


Solution 2: cross multiply, solve for y, then differentiate explicitly. 


y 9 9 10 9 oi) — 3x 
Pa ae — 3 > y= (a — 3)(x + 2y)=2 + 2a"y — 3x — by > y = zs 


= dy (0g? — 3)(7 Sa) — (—18x8)(x1° — 3z) 22x? — 2r!8 — 21 
dx (7 — 2x9)? (7 — 2x9)? 


and after much work: 
dy  18xë(35 + 82°) 


dx? (7 — 29)3 


Now substitute x = 1 to find, as before, 


dy 1 F dy 774 
LE = — n = a 
d OB ee 08 


Solutions to MATI86H1F - Calculus I - Fall 2014 


Term Test 1 - October 7, 2014 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


This test consists of 8 questions. Each question is worth 10 marks. Total Marks: 80 


General Comments: 
1. Questions 1, 3, 5 and 6 had the best results; Questions 2 and 8 had the worst results. 
2. In Q2 you had to explain why the correct choice in parts (a) and (c) was the positive square root. 


3. In Q6(b) the instantaneous velocity is 400/121 ~ 3.305; it is incorrect mathematically to say that 
400/121 = 3.305. 


4. In Q8(a), you must state the Intermediate Value Theorem as given in the book. 


Breakdown of Results: 908 students wrote this test. The marks ranged from 10% to 100%, and the 
average was 73%. Some statistics on grade distributions are in the table on the left, and a histogram of 


the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 12.1% 


35.7% | 80-89% 23.6% 
27.1% | 70-79% 27.1% 
21.4% | 60-69% 21.4% 
10.2% | 50-59% 10.2% 
5.6% 40-49% 3.7% 
30-39% 1.0% 
20-29% 0.7% 
10-19% 0.2% [] 
—— | 


0-9% 0.0% 


MOU a we 


MATI186H1F — Term Test 1 


PART I: No explanation is necessary. 


1. (avg: 8.2) The graph of the function f is 
given to the right. Decide if the following 


statements about f are True or False. i i Pret 
Circle your answers. 
(a) f’(-2) =1 True 
(b) f is one-to-one for 0 < x <5 False 
(c) f is differentiable at x = —3 False 
(d) f is continuous at x = —3 True 
(e) f is differentiable at x = —1 False 
(£) f is continuous at x = —1 False 
(g) lim f(x) < lim f'(x) True 
r——37 r—4- 
(b) [FSI < IFG) True 
: : . 1 
(i) There are exactly 2 solutions to the equation f(x) = z False 
(j) The function f'(x) has four discontinuities. True 
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MAT186H1F — Term Test 1 


PART II: Present complete solutions to the following questions in the space provided. 
2 
2. (avg: 5.9) Given that @ = cos! (-3) find the exact values of the following: 
(a) [3 marks] sin 8 


Solution: by definition of inverse cosine, cos@ = —2/3 and 0 < 6 < m. So 6 must be in the 


second quadrant, that is 7/2 < 8 < 7, and consequently 


4 
sin ð = +y 1 — cos? 6) = Be 


(b) [3 marks] cos(26) 


Solution: 


4 1 
20) = 2co8? 0 -1 =2| =) -1=-—5. 
cos(20) cos (5) 9 


(c) [4 marks] sin(@/2) 


Solution: use 
1—cos@ 1+2/3 5 
2 © 2 G 


sin?(0/2) = 
Since 


T<0< SC e f >0 
2 177535277 


sin(0/2) = H 


the answer is 
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3. (avg: 8.5) Find the following limits. 


ro2t \a—-2 gz?—4 


(a) [3 marks] lim ( 3 6 ) 


Solution: 


A _ 3(@+2)-6 .— 3z 


hatt r—-2 xr?—4 T z? —4 ara S 
2—16 
(b) [3 marks] Jim | pad | 
Soluton: since x < 4 and close to 4, we have x? < 16 and |x? — 16| = — (x? — 16); thus 
*_ 16 —(x? — 16 —4 4 
fia ON oe arg Dc 5 ee n (as. 
ro4- 4 —A4 a4- ZA 247 x—4 a—4- 
_ sin(4z) 
2 ks] lim —~—. 
(c) [2 marks] lim —, 
Solution: make use of the basic trig limit. 
in(4 4 in(4 4 i 4 4 
im sin(4z) Pa sin(42) Sue sin(h) 4b 
zr>0 3x 3250 4g 3h-0 A 3 3 


“lhe 
(d) [2 marks] lim acs 


200 32 


Solution: 
V4a2+9r 1 . 497497 1 . 9 2 
m = lim —~.— = —,/ lim [44+ —-] ==. 
«00 3x 3 V z=% g2 3 \/ zoo x 3 
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4. (avg: 7.5) The parts of this question are unrelated. 


/32+1—/5¢—1 
x-1 


(a) [4 marks] Find lim 


Solution: rationalize. 


ie vV3z +1- v5r-1 codes. vV3z +1- v5r-1 V3e4+14+V5r-1 
x>1 x—-1 x—>1 x-1 vV3x +1+v5r-1 


3x +1- (5x — 1) dn —2(x — 1) 
(z —1)(vV3r +1 +v5r-1) 21 (x-—1)(V¥3a+1+4+ v5r-— 1) 
—2 2 


xz—1 


(/3a +1+ /52 - 1) 2+2 2 


= lim 
al 


(b) [6 marks] Find all vertical, horizontal, and slant asymptotes of the function f(x) = Sareea: 
veto 


Solution: Since the degree of the numerator is greater than the degree of the denominator, 
there are no horizontal asymptotes. 


For the rest: factor and divide, for x Æ 2: 


r? — 4r r(x? — 4) r(x +2)) xz?+2r i 3 
xt?+r—6 (x—2)(x+3) (x + 3) r+3 r+3 
So y= x — 1 isa slant asymptote of f and x = —3 is a vertical asymptote of f. 


Note: x = 2 is not a vertical asymptote; x = 2 is a removable discontinuity of f. 
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d 
5. (avg: 8.6) Find and simplify 7 if 


(a) [5 marks] y = Sh. 


Solution: use the quotient rule and the chain rule. 


dy —e” sin(e”)(1 + sin(e”)) — cos(e”)(e* cos(e”)) 


de (1 + sin(e”))? 

—e* sin(e*) — e” sin? (e”) — e” cos*(e*)) 
(1 + sin(e”))? 

Ser sin(e®)— e” 2. e 


(1+sin(e"))? 1 + sin(e*) 


x 


(b) [5 marks] y = ln(z + v1 + 2). 


Solution: use the chain rule. 


dy 1 (1 + 2x ) 
de x 14+ 2? 241 + z2 
1 (v 1 + x? + x) 


x 1+ 2x2 V1+ 2x2 


Page 6 of 10 Continued... 
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1 
6. (avg: 8.4) The position (in meters) of a marble rolling up a long incline is given by s = ——, where t 
is measured in seconds and s = 0 is the starting point. 


(a) [3 marks] Find the average velocity of the marble over the first 9 seconds, 0 < t < 9. 


Solution: average velocity is 


(b) [4 marks] Find the instantaneous velocity of the marble at t = 4.5 sec. 


100t 
Solution: s = ae 100 — mul 


t+1 fa 


(0) 


ds 100 
v= — = 


dt = (t+1)2 
At t = 4.5 the instantaneous velocity is 
100 400 
5.52 121° 


(c) [3 marks] Find both Jim s and Jim v, where v is the velocity of the particle at time t. 
— 00 — 00 


Solution: 


t—0o 


1 
lim s = lim (10 — =) = 100 
too t+ 
and 


100 


fae eg 
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7. (avg: 6.7) Let f(x) = 2? + 2. Find all tangent lines to the graph of f that pass through the point 


(x,y) = (2, —3), and illustrate your solution with a diagram. 


Solution: let the point of contact of the tangent line from (2,—3) be (a, f(a)); the equation of the 
tangent line is 


y = f(a) + f'(a)(@—a) =a? +a + (2a + 1)(2 — a). 
If this tangent line is to pass through the point (x, y) = (2, —3), then 
-3 =a? +a + Geta) & —3=4a +a+4a+2-—2a°-—a 
& a° —4a-5=0 


< (a—5)(a+1)=0 


Thus there are two tangent lines to the graph of f that pass through the point (2, —3), for a = 5 and 
a=-l: 
y = 304+ 11(x — 5) = —25 + 11x and y = 0 — (x + 1) = -z — 1. 


Diagram: 
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8.(avg: 4.7) 


(a) [4 marks] State the Intermediate Value Theorem. 


Intermediate Value Theorem: Let f be a continuous function on the closed interval [a,b] 
and suppose K is a value between f(a) and f(b). The there is a number c in the open interval 
(a,b) such that f(c) = K. 


8.(b) [6 marks] Use the Intermediate Value Theorem to explain, clearly and concisely, why the 


equation x? + x? — 2x = 1 has at least two solutions in the interval [—2, 0]. 


Solution: Let f(x) = 2?+2?—2z2, which is a polynomial function, so is continuous everywhere. 
We have 
f(-2)=0, f(-1) =2 and f(0) =0. 
On the interval [—2, —1], 
f(-—2) =0<1<2= f(-1) 
so by IVT there is a number c in (—2,—1), such that f(c) = 1. 


Similarly on the interval [—1, 0], 
f(-1) =2>1> f00) 


so by IVT there is a number d in (—1,0), such that f(d) = 1. 


Thus there are at least two solutions to the equation f(x) = 1 in the interval [—2, 0]. 
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This page is for rough work; it will not be marked. 
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MATI186HI1F - Calculus I - Fall 2015 


Solutions to Term Test 1 - October 13, 2015 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


General Comments: 


1. Of the eight questions, Questions 4, 5, 7 and 8 were straightforward, computational problems, with 


Question 7 the easiest of all. These four questions were done very well. 
2. Questions 1 and 3 were graphical in nature; one was very well done, the other poorly done. 
3. Question 2, the True or False Question, had some definite “traps” which many students fell into. 


4. When stating the Intermediate Value Theorem we will not accept long, circuitous variations, or try 
to decode vague paraphrases: you must state it precisely—for example, as it is written in the book. 


Moreover, drawing a picture is not a statement of the theorem. 


Breakdown of Results: 887 students wrote this test. The marks ranged from 22.5% to 100%, and the 
average was 77.5%. There were four perfect papers. Some statistics on grade distributions are in the table 


on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 8.9% 
47.2% | 80-89% 38.3% 
34.6% 70-79% 34.6% 
11.4% | 60-69% 11.4% 
5.3 % 50-59% 5.3% 
1.5% 40-49% 0.7% 


30-39% 0.6% 

20-29% 0.2% 

10-19% 0.0% B 
oe a a 


0-9% 0.0% 


5J a we 


PART I: No explanation is necessary for your answers to Question 1 and Question 2. 
1. [avg: 8.9/10] Sketch a possible graph of y = f(x) if f is a function with ALL of the following properties: 
e f(x) is defined for all z, except x = —2 
e the only solution to f(z) = 0 is x = 0. 
e f(—4) =1, f(2) =2 and f(3) =3 


e f is continuous on the intervals (—oo, —2), (—2,2) and [2, 00) 


e f is differentiable at all x except for x = —2, x = 2 and z = 3 
e lim f(z)=0, lim f(z) = —oo and lim f(z) = œ 
gr——27 gz—-—2 xr—27 


lim f(x)=2 and lim f(x) =1 


the only solution to f'(x) = 0 is z = —4 


Clearly label all asymptotes to your graph of f. Solution: the graph should look something like: 


VA: 7 =2 
5.0 
(3, 3) 
2.5 
HA: y=1 
-7.5 -5.0 -2.9 O10 ak 5.0 
x 
-2.5 
Yy 
-5.0 
VA: z = —2 


2. [avg: 6.8/10] Decide if the following statements are True or False. Each correct choice is worth 1 mark. 


(a) If f(x) is continuous for all x then it is differentiable for all x. © True ® False 


(b) If a function f(x) is not continuous at x = a then it is not differentiable at x = a. 


® True © False 


(c) For every function f defined for all x, if a < b and f(a) < L < f(b) then there is a number c in 


the open interval (a,b) such that f(c) = L. © True ® False 
(d) The function g(x) = 2 x has a vertical asymptote at x = —2. © True ® False 
(e) jim, me = 1; © True ® False 
(f) jim t sin(1/t)= 1. ® True © False 
(g) ime sin Z = 00. © True ® False 
(h) < (e" + x°) = e" + 2x. © True ® False 
(i) Jim arctan z = 5 ® True © False 
(j) cos! (-5) = > © True ® False 


PART II: Present complete solutions to the following questions in the space provided. 
5 
3. [avg: 3.3/10] The graph of a function y = f(z) 
is given to the right. Answer the following 
questions: 3 


(a) [2 marks] Is f(x) continuous at z = 4? 


Soluiton: No, f has a jump discontinuity at 1 
r= 4. 


More formally, you could observe either one 


of the following three inequalities to conclude 


that f is not continuous at x = 4: -2 


lim f(a) =142= f(4); lim f(z)=3#2= f(4); lim f(z)=1#3= lim f(z) 


x—47 


(b) [4 marks] Is f(f(x)) continuous at x = 4? 
Solution: No. First observe that f(f(4)) = f(2) = —1. Then observe that both 


lim f(f(x)) = face fy) =O 4 —1and lim, f(f(z)) = foe fy) =0#-1. 


r4—- 
Either inequality is enough to show f o f is not continuous at x = 4. 


You could also point out that even though 


lim f(f(x)) = 0, 


24 


this limit is not equal to (f o f)(4). (That is, f o f has a removable discontinuity at x = 4.) 
(c) [4 marks] What is lim e VIF) ? 
Solution: with calculations similar to those of part (b), 


lim e72/f¢@) = lim e71! = lim e™ = 0 
x—4 u—0t Uv o0 


3 
4. [avg: 8.5/10] Suppose sin a = z and cosa < 0. 


(a) [3 marks] Find the exact value of sin(2a). 


Solution: since it is given that cosa < 0, we have 


| 2 
4 
cosa = — V 1 — sin? a = 1 G) = 5' 


kogen _5(3\(_4\ __% 
sin{ za) = 281 Q COS Q = 5 5 => 25` 


(b) [2 marks] Find the exact value of sin(3a), given the triple angle formula 


Then 


sin(3x) = 3sin z — 4sin’ z. 


Solution: 


3 3\3 9 108 117 
sin(8a) = 3sina — 4sin"a = 3 (2) a(3) = = ; 


(c) [5 marks] By appropriately differentiating the above triple angle formula for sin(3z), find a triple 


angle formula for cos(3x), and then use it to find the exact value of cos(3a). 


Solution: 
dsin(3z) — d(3sina — 4sin? x) 
dz 7 dx 
= 3cos(3x) = 3cosx—12sin? x cosg 
> cos(3r) = cosg —4sin? x cosg 
(optionally) = cos(3rz) = —3cosr+4cos* x 
Then 


4 3\7/ 4 44 
cos(3a) = cosa — 4sin? a cosa = - a(3) ( ie 


5. [avg: 8.5/10] Find the following limits. 


ji r? —4 
(a) [5 marks] 5 z3 — 21x2 +r -2 


Solution: substituting x = 2 gives a limit in the 0/0 form, so try factoring. 


; r? —4 . (x—2)(x+2) . z+2 4 
lim = lim Se = lim =. 
a2 g3 — 2g? +r—2 z>2(r—2)(z?+1) z>2gz?+1 5 


a + Va — x? 


ks] li if : 
(b) [5 marks] lim = ,ifa<0 
Solution: since Va? = |a| = —a, if a < 0, this limit is in the 0/0 form. So try rationalizing. 
_ a+va??-— zr? 
lim 5 
x—0 x 
ey aya ee) 
— im (27 a? — x°) (a a? — x?) 
z—>0 x? (a — Va? — x?) 
2 (a2 z2 
DE e 
«0 z?(a — va? — x?) 
; r? 
= lim 
«0 z?(a — va? — z?) 
1 
= lim 
x—0 a— a2 ears r2 
= 1 
a— va? 
1 
= , since a < 0 
a — (—a) 
o 1 
Qa 


6. [avg: 7.6/10} 


6.(a) [4 marks; 2 marks for each part] Use the Squeeze Theorem to find the following limits: 


(i) lim f(x), if —x? +sing < f(r) < x? + sinz. 
Solution: both 


lim (—z? + sin x) = 0 


x—0 


and 


lim (a? + sin x) = 0; 


ES Fe 2 


so by the Squeeze Theorem, 


lim f(x) =0 


as well. 


(ii) Jim f(a), if f(x) = e? cos(x? +7). 

Solution: since —1 < cos(x + 7) < 1, we have 
—e” < f(x) < e. 

Both 


lim e” = 0, 
w——CO 


lim —e” = 0 and 
wL——CoO 


so 
lim f(x) =0 


L—— CO 


as well, by the Squeeze Theorem. 


6.(b) [6 marks] State the Intermediate Value Theorem and use it to explain why the equation 


1 
cot se 0 


has at least one solution. 


Solution: the Intermediate Value Theorem states: 


Let f be a continuous function on the closed interval [a,b] and suppose K is a value between 


f(a) and f(b). Then there is a number c in the open interval (a,b) such that f(c) = K. 


For the second part of the question, let f(x) = 2x + sin x — 1/6, which is continuous for all x. Since 


1 1 
f(0) = -5 <0 and fl) =2+sinl -z >0, 


there is, by the Intermediate Value Theorem, a number c in the interval (0,1) such that 


1 
fle) =0 & de+sine— z =0. 


7. [avg: 9.6/10] Suppose a stone is thrown vertically upward from the edge of a cliff with an initial velocity 
of 20 m/s from a height of 25 m above the ground. Assume the height s (in meters) of the stone 
above the ground t seconds after it is thrown is s = —5 t? + 20 t + 25. 


(a) [2 marks] Determine the velocity v of the stone after t seconds. 


Solution: in meters per second, 


ds 
= — = —]0t + 20. 
ge T 


(b) [2 marks] When does the stone reach its highest point? 

Solution: at the highest point, the stone is momentarily at rest. 
v=08 -10 +20=08t=2. 

So the stone reaches its highest point at t = 2 seconds. 

(c) [2 marks] What is the height of the stone at the highest point? 
Solution: at t = 2 the height of the stone is 

s = —5(2°) + 20 2 + 25 = 45 

meters above the ground. 

(d) [2 marks] When does the stone strike the ground? 


Solution: let s = 0 and solve for t; 
—5¢ + 20t +25 & t -—4t-5=0 8 (t+1)(t-5)=08&t=-lort=5. 


So the stone hits the ground at t = 5 seconds. 


(e) [2 marks] With what velocity does the stone strike the ground? 


Solution: at t = 5, 
v = —10(5) + 20 = —30 


meters per second. 


8. [avg: 8.6/10] For each of the graphs determined by the following equations, find the slope of the tangent 
line to the graph at the point (x, y) = (1, —1/2). 


__ cos(1/2) 
(a) [5 marks] y = (ea 


Solution: cross multiply and then use implicit differentiation: 


LE Senay Bee oe = 


dx 2% 


Substitute (x, y) = (1,—1/2) and solve for dy/ds: 


dy 1 dy 1 
928 291) =.) SO 
ae ay ( z) Ee 2 


Alteranate Solution: use the quotient rule. 


dy —r sin(1/2) (ts) (1 + 2?) — 22 cos(7,/z) 
dx (1+22)2 
=> dy = = ER = S as before. 
dz | z1 2 2 


(b) [5 marks] 4g? y + e7—! = 16y? +1. 
Solution: use implicit differentiation: 


d d 
8z y+ 4r?” +e] = 48y? at 
dx dx 


Substitute (x, y) = (1, —1/2) and solve for dy/dx: 


1 dy 0 1\ dy dy dy dy 3 
4 =4 4 =12 = . 
s( 5) + a s (3) dz dz R dx 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


12 The end. 


MATI86HI1F - Calculus I - Fall 2016 


Solutions to Term Test 1 - October 18, 2016 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


General Comments: 


1. The range on each question was 0 (or 1 or 2) to 10; each question had a passing average. 


2. Many students seem unaware of the definitions of the inverse trig functions, such as sin~! z,cos~! x, tan! x 


and sec”! x; there are no choices: 


1 


T ee T Ei T i T i T T = 
=5 B51 0 = C08 Bg tan z< z and 0 < sec a ELT. 


Breakdown of Results: 755 students wrote this test. The marks ranged from 23.75% to 100%, and the 
average was 71.0%. There was one perfect paper. Some statistics on grade distribution are in the table on 


the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 4.8% 
28.4% 80-89% 23.6% 


32.3% | 70-79% 32.3% 
22.0% | 60-69% 22.0% 
10.7% | 50-59% 10.7% 
6.6% 40-49% 4.9% 
30-39% 1.3% 
20-29% 0.4% l 
10-19% 0.0% a [| 
—— am 


0-9% 0.0% 


MUO WS 


1. [avg: 6.9/10] Indicate if the following statements are True or False. No justification is required; 1 mark 


for each correct choice. 


(a) A tangent line is the limit of secant lines. ® True © False 
(b) A definite integral is the limit of Riemann sums. ® True © False 
(c) If lim f’(z) =0 then lim f(x) 4 co © True ® False 


© True ® False 


(e) lim ———— =0 ® True © False 


) If f(z is continuous on the interval [a,b] and F'(x) = f(x) for all x in the interval [a,b], then 


Ta f(x)dx = F(b) — F(a). ® True © False 


(g) The definite integral of f on the interval [a,b] represents the area of the region under the graph 


of f on [a,b]. © True & False 
(h) sin(sin~! x) = z for all æ in [—1, 1]. ® True © False 
(i) cos~! (cos 0) = 0, for all 0. © True & False 


(j) If z > 0 then tan™! z + tan! (=) == ® True © False 
x 


2. [avg: 6.7/10] Suppose the function g(t) is defined for all t in the interval [0,8]; the only discontinuities 
of g in the interval [0,8] are at t = 2.5,4 and 8; and that the following data points are on the graph 
of g: 
ea ea e ee 
g(t) | -1.1] 5.7 | 2.2 | -9.0 | 0.2 | —0.3 | —4.6 | 8.8 | -3.2 | 


(a) [2 marks] What is the slope of the secant line joining the points (6, g(6)) and (8, g(8))? 


Solution: let m be the slope of the secant line. 


0.7 


ee g(8)—g(6)  -3.24+4.6 _ 
—6 


8 2 


8 
(b) [3 marks] Approximate the value of f g(t) dt by using a left Riemann sum and n = 4 subin- 
0 
tervals of [0,8]. 


Solution: use a regular partition with Av = 2: 


ie g(t) dt ~ g(0) Ax + g(2) Ax + g(4) Az + g(6) Ax = 2(—1.1 + 2.2 + 0.2 — 4.6) = —6.6 
0 


(c) [3 marks] At least how many solutions in the interval [0,8] are there to the equation g(t) = 0? 


Solution: g is not continuos on the intervals [2,3], [3,4], [4,5] or [7,8]; g is continuos on the 
intervals [0, 1], [1, 2], [5,6] and [6,7]. On only two of these, namely [0,1] and [6,7], does g change 
signs. Thus by the Intermediate Theorem there will be at least one solution to g(t) = 0 in the 


interval [0,1] and at least one solution to g(t) = 0 in the interval [6,7]. Answer: at least two. 


(d) [2 marks] At least how many points are there in the interval (0,8) at which g is not differentiable? 


Solution: we know that if g is differentiable at x = a then it is continuous at x = a. This 
means: if g is not continuous at x = a it is not differentiable at x = a. Thus there are at least 


two points in the interval (0,8) at which g is not differentiable: x = 2.5 and x = 4. 


3. [avg: 7.0/10] 


3.(a) [5 marks] Let A be the area of the region between y = e” and al 
y = 0 on the interval [0, a]; let B be the area of the region between 
y = e” and y = 0 on the interval [0,b]. See the diagram to the 


right. Suppose B is four times A. Express b in terms of a. 


Solution: we have 


a= | e” dx = |e | = e° — 1 
0 


and : 
B= e dz = [e = e —1. 
0 


If B = 4A, then 
Palade 1) => @è = 4e — 3 = b = Inet — 3). 


12 
3.(b) [5 marks] Find the exact value of sin (2 tan! (-2)) 


Solution: let 


5 
12 
(Stn |- ]. 
an ( 5 ) 0 
Then —7/2 < 8 < 0 and 
13 —12 
12 
tan = —— 
an 5 
and 
5 
inĝ = —— =—. Pee) 
sin 3? cos 0 3 
Finally, 


12 5 120 
in(20) = 2sin 8 cos @ = 2 = : 
sin(26) sin ĝ cos ( a) (3) 169 


4. [avg: 9.2/10] Let 
14+ 2 
f= De 


Find the equation of the tangent line to the graph of y = f(x) at the point (1, f(1)). 
Solution: use quotient and product rules, as required: 


oe 1- ae" —(1+a)-(Qve™+a%e7) 9 242242? 


gt e2x z? ex 
Then 
fay=-2 
= 
The equation of the tangent line to f at x = 1 is given by 
— fil —2 5 5 7 
y UND) ogi iy EAI ce oY aa a 
d=] y= e ë e 


5. [avg: 7.2/10] Find the following limits. 
yvr? +21—5 
(a) [5 marks] lim eee 
ee Ct 


Solution: rationalize and factor: 


vz? +21-5 i (Va? + 21 —5)(Vx? + 2145) 


lim —~————- = lim 
a2 g2?-g-2 a2 (2 — x — 2)(Vr2 +2145) 
i r? —4 
= lim 
a2 (x — 2)(x +1)(Va? +21 +5) 
eiia (a — 2)(a + 2) 
a2 (x — 2)(x +1)(Va? + 21 +5) 
s xr+2 
= lm 
a2 (x + 1)(Va? +21 +5) 
2 
~ 15 


_ tan(3z) 
(b) [5 marks] lim inten) 


Solution: manipulate the expression until you can use the basic trig limit 


sinh 
l =A: 
hoo h 
Cau zA Hie sin(32) cites 
«0 sin(52) «0 sin(52) h—0 cos(3x) 
8 im sin(3x) - im 5x 


x>0 3x2  x>0sin(5xr) 


1 se at : 
-1- T using basic trig limit, twice 


Or] wlw or 


6. [avg: 6.1/10] Find all the asymptotes—vertical, horizontal, or slant—of the following functions: 


_ a8 — 3a? + Qe 


k = 
(a) [5 marks] p(x) ee 
Solution: factor, simplify and divide: 
z? — 3r? +2x (27-22)(x-1) z?-—2r 3 
x? —1 (a —1)(a4 +1) xzt+1 z+1 


if x # 1. In particular, there is no vertical asymptote at x = 1 since 


1 
li = —-. 
PDST 
The line with equation y = x — 3 is a slant asymptote, and the line x = —1 is a vertical 
asymptote, since 
lim p(xr)=-œ and lim p(x)= œ 
x——1+t 


gzx—-—1~ 


(b) [5 marks] q(x) = ~— 


Solution: q(0) is not defined, because e° = 1. There is a vertical asymptote at x = 0 since 


lim q(x) = œ and oe q(x) = —oo. 


xz—07- 


As for horizontal asymptotes, they exist on both sides: 


1 
lim q(x) = —— = 1, since lim cea 0, 
x—>— o0 1—0 x—>— o0 


and 
lim q(x) = 0, since lim e” = oo. 
T00 T00 


Thus there are horizontal asymptotes at y = 0 and y = 1. 


7. [avg: 6.7/10] Suppose the position at time t of an object moving horizontally along the z-axis is given 


by « = t? — 4t, for0<t<8. 
(a) [2 marks] What is the velocity of the object at time t? 


Solution: let the velocity of the object be v. 


dx 
= — = 2t-4., 
ays ae 


(b) [2 marks] For which values of t is the object moving towards the left? 
Solution: v < 0 & 2t—4<0 & t< 2. So the object is moving to the left when 0 < t < 2. 
(c) [2 marks] What is the average velocity of the object on the time interval 0 < t < 3? 


Solution: the average velocity is 


Az _ 2x(3) 


—2(0) -3-0 i 
At 3-0 3 


(d) [2 marks] What is the speed of the object at t = 1? 
Solution: speed is |v|. At t = 1,v = —2, so the speed at t = 1 is 2. 
(e) [2 marks] What is the average speed of the object on the time interval 0 < t < 3? 


Solution: the average speed is the total distance travelled divided by the total time. In the 
first 2 seconds the object goes from x = 0 to x = —4, so the object travels 4 units. In the next 
second the object goes form x = —4 to x = —3, a further 1 unit distance travelled. So the total 


5 
distance travelled in the first 3 seconds is 5; and the average speed is 7 


Alternate Solution: or use integrals and the fact that the total distance travelled by the 


object over the first 3 seconds is 


3 2 3 
f wa= f -(2-4)dt+ feta) dt = [t -Plot [P -434415 
0 0 2 


so the average speed is 5/3, as before. 


8. [avg: 7.0/10] The displacement of a mass on a spring suspended from the ceiling is given by 


t 
y= 10 e'/? cos (=) 3 


(a) [5 marks] Find the velocity of the mass at time t. 


Solution: let v be the velocity of the mass. 


dy _ —t/2 nt 5T to. (TEN —t/2 T) Tm. (rt 
D Oe cos g HFE sin = = —de cos 3 hon 


(b) [3 marks] At which time, t > 0, is the velocity first equal to zero? 


Solution: set v=0: 


—5e™t/2 | cos ae | Cein m =0 = cos ae ane in TINE 
8) 4 8J] oy ae ice Ce a 
T 


so, since the period of tan(zt/8) is 8, take 


8 4 
t=8——tan! (=) a ee 
T T 


Note: answer must be in radians! 
(c) [2 marks] What is Jim y? 
00 


Solution: use the squeeze law, and the fact that 
Tt 
—10 < 10 cos (=) < 10. 


Thus 
—10e7*/? < 10e~*/2 cos (=) < 10e~*/2, 


Since 


lim e7'/? = 0, 
too 


the expression squeezed in the middle also has limit zero: jim y=0. 
—> CO 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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MATI86HI1F - Calculus I - Fall 2017 


Solutions to Term Test 1 - October 3, 2017 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Comments: 


e Question 1, parts (b)-(e) are about the definition of the inverse trig functions; nothing more. 


Breakdown of Results: 760 students wrote this test. The marks ranged from ?% to ?%, and the average 
was ?%. Some statistics on grade distribution are in the table on the left, and a histogram of the marks 
(by decade) is on the right. 

Grade % | Decade % 
90-100% % 


A % |} 80-89% % 
B %ļ| 70-79% % 
C %ļ| 60-69% % 
D % | 50-59% % 
F %| 40-49% % 
30-39% % 

20-29% % 

10-19% % 

0-9% % 


1. [2 marks for each part] Find all the solutions x in R to the following equations: 
(a) glos2t — y 
Solution: x must be in the domain of logy x, so x > 0 
(b) sin(sin-! x) = x 
Solution: x must be in the domain of sin7! z,so-l<a<l. 
(c) sint (sin z) = a 
Solution: y = sin™! (sin x) if and only if sin y = sin z and — 


< y< —. So y = zx if and only if 


wa 
wa 


=L 


SE 
SE 


(d) x = sec(sec™t x) 


Solution: x must be in the domain of sec™t xz,soxz<-—lorgz> l. 
This is equivalent to saying |x| > 1. 
(e) £ = sec t (sec x) 


T T 
Solution: y = sec™}(sec x) if and only if sec y = secx and 0 < y < 313 <y<m.Soy=2 


if and only if 


x or x . 


. Suppose the function f(x) is defined for all x in the interval [0,10] and that the following data points 


are on the graph of f : 


a se Ne eS nl a I ell || | 30 | | 
f(a) [1.1] 5.7 | 2.2 [9.0 | 5.2 | 4.3 | 4.6 | 8.8 [3.2 | 5.7 | 6.9 | 
(a) [5 marks] Approximate the value of e f(x) dx by using a right endpoint Riemann sum and 
0 


ten equally spaced subintervals of [0, 10]. 


Solution: take Az = 1 and x; = i. Then 


10 10 


f(x) dx 


0 i=1 


Q 
be 
pee 
8 
b> 
8 


l 
lt 
SY 
S 


= 6.74+2.24+9.0+5.24+43446+ 88+ 3.2+5.74+ 6.9 
= 55.6 


10 
(b) [5 marks] Approximate the value of f(x) dx by using a midpoint Riemann sum and five 


equally spaced subintervals of [0, 10]. 
Solution: now take Ax = 2 and use only the odd x-values: that is, i +1 is the midpoint of the 
interval |i, i + 2], for i = 0,2,4,6,10. Thus 
10 
i flw)dx ~ (fC) + FO) + FS) + ECO) + F(9)) Ax 
= (5.7 +9.0 + 4.3 + 8.8 + 5.7)(2) 
= 67 


2 3 
3.(a) [5 marks] Suppose i: f(x) dx = 10 and f f(x) dx = 3. Find [uw +2) dz. 
0 2 0 


Solution: 


3 
i (f(x) +2) de 
0 


3 3 
À f(a) de+ | 2dx 


e 3 
f(a)dx+ | f(x) a+ | 2dx 
2 0 


104+3+2-3 
19 


3.(b) [5 marks] Decide if each of the following expressions represents the integral 


9 
(x — 2sin x) dz. 
1 


Indicate Yes if it does, and No if it doesn’t. 


wand ("2m (2) ( 


pee pes 1+ 
n 
n 


14S sn (145 
n 


F 8% i 
RZ 1+ —-— 2sin 1+ 
i= 


O Yes ® No 


O Yes ® No 


® Yes © No 


® Yes © No 


O Yes ® No 


10 
4. Consider the function f(x) = 7 H, 


(a) [3 marks] Show that f is one-to-one. 


Solution: show that each value of f(x) corresponds to exactly one value of x. 


10+2, _ 10+ z2 


f(x1) = fle) => =o GO 
=> (10+ 21)(x2 — 9) = (10 + x2)(x1 — 9) 
=> z1% + 10%2 — 9x1 — 90 = rox, + 1021 — 9x2 — 90 
=> 19%. = 1927, 
> m= 


OR: show the graph of f passes the horizontal line test, assuming you can graph f accurately. 


(b) [3 marks] Find the formula for f~!(2). 


Solution: switch x and y in the formula for y = f(x) and solve for y as a function of x. 


10 10+9 
= eye E SS yee ai 
y—-9 x-1 
so 
10 + 9x 
=I = 


(c) [4 marks] Find the equations of the horizontal and vertical asymptotes to the graph of f~!. 


Solution: the vertical asymptote to the graph of f~! is the line with equation z = 1 since 


. 10 + 9x : 10+ 9x 
lim =œ and lim = —0o 
z—=1+ z—1 zx—=17 x— 1 


The (only) horizontal asymptote to the graph of f~! is the line with equation y = 9 since 


10492 |, 10/x+9 10492. 10/x +9 
m = lim ——— = 9 and lim — = lim = oe = 
@—oo gT— 00 1-1/2 rx—-œ g—l1 £r—— o0 1—1/x 


Alternate Solution: you could find the asymptotes of f and then just switch x and y. Thus: 

1. the line y = 1 is a horizontal asymptote to the graph of f, so x = 1 is a vertical asymptote 
to the graph of ft. 

2. the line x = 9 is a vertical asymptote to the graph of f, so y = 9 is a horizontal asymptote 


to the graph of f7!. 


. Find the following limits, or explain why they do not exist. 


xr—A4 
4 ks] lim ——————— 
et aa: 


Solution: the limit is of the from 0/0. Try rationalizing the denominator. 


iii eee. = tim ( ae JG vant 
w43—V/e+5 z=>4 \3— yvr+5/ \3+vr+5 
=m (AB + VIFS) 
r4 9 —(x+5) 


(x —4)(3+ Vr +5) 


= lm 

x4 4-2 
= — lim (3 + væ + 5) 
= —(3+3)=-6 


Peete Ce ae 
marss) ae Ones 


Solution: the limit is of the from 0/0. Try factoring numerator and denominator. 


2_ = “ty 
ee A = lim Ca EN D 
a3 £? + 2x — 15 a3 (x — 3)(x + 5) 
. £t+3 
= li 
rx—=3 xr +5 
6. 3 
8 4 
-8 
(c) [2 marks] lim A 


Solution: the limit is of the form —2/0, so may be infinite. As « — 6, the numerator is 


approaching —2, while denominator is approaching 0 but is always positive. So 


5 
6.(a) [5 marks] Find the exact value of cos (2 sin! (-3)) 


Solution: use cos(20) = cos? 6 — sin? @ = 1 — 2sin? 0. Let 6 = sin”! (-3) . Then siné = 2 and 


5 5\? 50 119 
2sin™! (-— } ) =cos(20) = 1 — 2sin?0 =1 -2 ( -> ) =1—-——=— 
cos ( sim ( =)) cos( 0) sim 0 ( =) 169 169 


6.(b) [5 marks] Find all the solutions x in R to the equation x = —sin(cos~+(3x + 1)) 


Solution: let 6 = cos! (3a +1). Then cos = 3x + 1 and 0 < 6 < 7, by definition of the inverse 


cosine function. Thus sin @ > 0. Therefore, 


sin? = y1 — cos? 6 = \/1 — (3x +1)? = V—92? — 62. 


(Aside: this may look incorrect, but —9x? — 6x > 0 since the domain of cos~! is the interval [—1, 1] 


which means 


2 
SEES ee eh See ee 


which in turn implies —9x? — 6x > 0. This is also why the negative sign is in the original equation.) 


Then 


a = —\/—922 — 6x = 7? = —97? — 6x 
=> 1027+6r =0 
=> 527+3¢=0 

=> 2«(5¢+3)=0 

= 


pe oe 
5 


7. Suppose the position at time t of an object moving horizontally along the x-axis is given by x = t? — 4t, 
for0<t<8. 
(a) [3 marks] What is the average velocity of the object on the time interval 0 < t < 3? 
Solution: 


Ax (9—12)-0 
ted Ae ge 


(b) [3 marks] What is the average velocity of the object on the time interval 1 <t<1+h? 


Solution: 
o Ax (1+h)?-4(1+h)-(-3) _ h? -2h oa 
CD? Te h See A 


(c) [4 marks] What is the instantaneous velocity of the object at t = 1? 


Solution: the instantaneous velocity of the object at t = 1 is defined as 


lim As — lim a(1+h) — w(1) 
At—o0 At h—0 1 + h—1 
Thus 
2 = res R 
Vinstantaneous = lim a + h) 4(1 + h) ( 3) 
= lim(h—2), by part (b) 
=r7=2 


OR: you could use 2’(1) = 2(1) — 4 = —2. 


8. Find the following limits, or explain why they do not exist. 


COS £ 


(a) [3 marks] lim 


Solution: use the Squeeze Law, and the observation that 


1 cos £ 1 
< 
{2 


lim (-3) =(Qand lim (=) = 0, 
L—-0O T T> \T 


—] < cosx < 1 > 


Since both 


se WS 
l oe 
eae) Me Sa) 


Solution: xz — —17~ means x < —1, implying «+ 1 < 0. Thus 


|1 - 2°| -20 +7)|_ (1—#)(-G. +2)) 


li J = = li = jj 
Sae x(a +1) a x(x +1) cua x(x +1) ie 
Vr? +2r-5-3 
(c) [4 marks] lim a z 
xr—>— a0 x—6 
Solution: divide numerator and denominator by z : 
|. vr? +2r—5-— 3r | vV +2r—5/r-3 
lim = lim 
~——00 x— 6 £r—— o0 1— 6/x 
_, [2422-5 _ 3 
(since z < 0, z = —-Vxz?) = lim Z 
I-00 1-6/z 
>. —y/1+2/xr-—5/r? -3 
= lim 
L——0o 1— 6/x 
4 
= —— = —4 
1 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


11 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


12 The end. 


MATI86HI1F - Calculus I - Fall 2018 


Solutions to Term Test 1 - October 16, 2018 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Genreal Comments: 


e Statistically the results on this test are very similar to the first MAT188 Test. In particular there 
were two questions, #4 and #6, that both had failing averages. Interestingly both of these questions 
concerned inverse functions, in one form or another. While #4 was supposed to be challenging, #6 


is actually routine and straightforward. 


e In #8, to fully justify your choice of graph, it is necessary to calculate all four limits, from the left 


and from the right side, as z + 2 and as x > —2. 


Breakdown of Results: 771 registered students wrote this test. The marks ranged from 8.75% to 
98.75%, and the average was 62.2%. Some statistics on grade distribution are in the table on the left, and 
a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 2.2% 
10.5% | 80-89% 8.3% 
21.8% 70-79% 21.8% 


60-69% 28.7% 
19.7% | 50-59% 19.7% 
19.2% | 40-49% 12.8% 
30-39% 4.8% 
20-29% 1.4% | 
10-19% 0.1% all oO 


0-9% 0.1% 


WoO a wje 
w 
a 
N 
SS 


. [avg: 7.98/10] Find the following limits, or explain why they do not exist. 


2 
. Bro 
(a) [4 marks] ar ar 


Solution: the limit is in the 0/0 form; try factoring. 


_ v+a—6 (x — 2)(a + 3) 
lim = | 
a2 2-4 a2 (x — 2)(x + 2) 
. «£+3 
= lm 
zo2e7+2 
2 
we 4 


(b) [4 marks] tim (v £? + 7x — z) 


Solution: the limit is in the co — oo form; try rationalizing. 


ETa E emn ali +) 
L? + 7x2 — x 7 


lim ———_ = 
z> yg? + Tr +4 
7 


T 
= lim — 
z> yg? + Tr +4 
T 
lim ———. = lim — 
Vx2+7 
=Z— 00 ztei] £r—> 0 eNi 
; T 
lim — 
z>% /1+7/c41 
AENG 
vI+0+1 2 


in(3 
(c) [2 marks] lim aua 
x—0 5x 
in h 
Solution: limit is in the 0/0 form; try reducing it to the basic trig limit, mm ees 
> 
km sin(32) _ 3 j sin(3x) 
x—>0 T£ 5 20 32 
3 sinh 
let h = = oli 
ESS eid 
a Sja? 
5 5 


. [avg: 8.74/10] A car comes to a stop eight seconds after the driver applies the brakes. While the brakes 


are on, the following speeds are recorded: 


time since brakes applied (sec) | 0 | 2 | 4 |6|8 
speed (m/sec) 32 | 22 | 14 


(a) [4 marks] Use a right-endpoint Riemann sum and four equally spaced subintervals of [0,8] to 


approximate the distance travelled by the car. 
8 
Solution: Ax = 2; distance -f vdt x 22-24+14-24+6-240-2= 84. 
0 


(b) [4 marks] Use a left-endpoint Riemann sum and four equally spaced subintervals of [0,8] to 


approximate the distance travelled by the car. 
8 
Solution: Ax = 2; distance = f vdt x 32-24+22-2414-2+6-2=148. 
0 


(c) [2 marks] Assuming that the speed of the car is always decreasing on [0,8], explain why the total 
distance travelled by the car during the 8 seconds must be between the values of your answers 


from parts (a) and (b). 


Solution: since the speed is decreasing, the right-endpoint Riemann sum is an under approxima- 
tion to the total distance travelled, and the left-endpoint Riemann sum is an over approximation 


to the total distance travelled. So 
8 
84 < f vdt < 148. 
0 


Here are the plots: 


00 O08 16 24 3.2 40 48 56 64 7.2 80 00 0.8 16 24 32 40 48 56 64 7.2 80 


(a) (b) 


2— 227z, ie =1, 
3. [avg: 6.38/10] Let g(x) = 5/2, if x = —1, 
6—7cx?, ifx>-—l1 


(a) [2 marks] Find both lim g(x) and lim g(x). 
x——1+ on 


Solution: 
li = lim (6-— 7cz’) = 6 —7c(-1)? = 6 — Tc; 
„ïm gls)= lim (6 — Ter’) c(—1) c; 
lim g(z)= lim (2-—22r)=2-— 22 (—1) = 24 22. 
2——17- a—>—1t 


(b) [2 marks] For which value(s) of c does lim g(x) exist? 
x2 
Solution: the two one-sided limits must be equal: 


lim g(z)= lim g(r) 66—7e=242c? 6 22? +7c-4=0 


z——1+t 2-17 


1 
S (2c - 1)(c +4) =0 Sc= 5 or c= 4. 


(c) [2 marks] For which value(s) of c does g have a removable discontinuity at x = —1? 
Solution: from part (b), if c = —4, then 
lim g(x) = 2+ 2(-4)? = 34 4 f(-1) = Š, 
r——1 2 
so g has a removable discontinuity at x = —1. 


(d) [2 marks] For which value(s) of c is g continuous at « = —1? 


Solution: from part (b), if c= 1/2, then 


lim g(2) =6 (5) == j= 


xz—-—l1 


so g has is continuous at x = —1. 


(e) [2 marks] For which value(s) of c is g differentiable at x = —1? 
Solution: to be differentiable at x = —1, g must be 


continuous at z = —1, so we must have c = 1/2. But y S 
if c = 1/2, then na: 


2-2/2, ife<-t, Moto tnia 
g(x) = A i . 
6—7a°/2, ifr >-—l1 


p 


The graph of g, to the right, shows that g is not 
differentiable at (x,y) = (—1,5/2). So there is no 


value of c for which g is differentiable at x = —1. 


4. [avg: 3.67/10] 
Let f be a function defined for all x in R such that f~'(x) = x exp(z?); let g(x) = 
(Note: it is not necessary to find f.) 
(a) [2 mark] What is the range of f? 
Solution: the range of f is the domain of f~!, which is x € R. 
(b) [3 marks] What is the domain of g? 


Solution: since f is defined for all x, the domain of g is the set of x such that f(x) 4 1. We 


have, 
f(x)=lecaf()=1-e) =e. 
So the domain of g is x #e. 


(c) [5 marks] Find g~!(x), or explain why it does not exist. 


Solution: solve the equation x = g(y) for y; if y is a function of z, then you have found g~!(z). 


4 boyy 


Thus 


5. [avg: 7.61/10] Suppose the amplitude at time t of a seismic wave, as measured by a seismometer, is 
modelled by 

__ sin(3t) + cos(4t) 

7 1+? 


y(t) 


(a) [3 marks] Calculate Jim y(t). 


Solution: use the Squeeze Law. 


2 z sin(3t) + cos(4t) p 2 
14+t? — 1+? ~ 14 ¢2° 


—2 < sin(3t) + cos(4t) < 2 > 


Since both 


li : =0 and li ae 0 
fare 1+] B ae 1+ °°’ 

the Squeeze Law implies 
sin(3t) + cos(4t) 


ana a 


(b) The rate of change of y(t) is called the spectral velocity of the seismic wave. Find: 


(i) [2 marks] the average spectral velocity of the seismic wave on the interval t = 0 to t = 0.1; 


approximate your answer (with your calculator in radian mode) to four decimal places. 


Solution: 


Ay — y(0.1)—y(0) 10 sin 0.3 + cos 0.4 
At  0l-0 1.01 


1) ~ 2.04535..., 


we'll accept either 2.0453 or 2.0454. 


(ii) [5 marks] the instantaneous spectral velocity of the seismic wave at t = 0. 
Solution: use the quotient rule and chain rule to find 


dy _ (3cos(3t) — 4sin(4t))(1 + t°) — 2¢(sin(3t) + cos(4t))_ 


dt (14+ t?)? l 


at t = 0, 
dy _ CE 
dt (1+0)? P 


1 
~ tan (sec! 2)’ 


(a) [3 marks] What is the domain of f? 


6. [avg: 3.27/10] Let f(x) 


Solution: the domain of sec”! x is |x| > 1, but if z = 1, then sec™! 1 = 0 and tan0 = 0, so 
x = 1 is not in the domain of f. Similarly, if x = —1, then sec”!(—1) = m and tanm = 0, so 
x = —1 also not in the domain of f. Thus the domain of f is 

e {x €R|a<-—lorz> l1}, in set notation. 

e (—oo, —1) U (1, 00), in interval notation. 


e or simply, |z| > 1. 


(b) [7 marks] Rewrite f(x) as an expression without trigonometric functions. 


Solution: you can use either triangles or trig identities; as illustrated in Case 1 or Case 2. 
Case 1: if x > 1, then 


T 
0<sec ta g 


and tan(sec™t x) > 0. Let 0 = sec"! a; then sec 0 = z. 72L] y 
e In the triangle to the left, x = sec 0. 
e The length of the other side is Vx? — 1. 


e Then 0 


tan = yz? -— 1. l 


Case 2: if x < —1, then 


T —1 
z < sec LT 


and tan(sec™t g) < 0. Let 0 = sec’! z; then sec@ = x and tan@ < 0. Using the trig identity, 


tan? 0 + 1 = sec? 0, we have 


tan = —y sec? 0 — 1 = -y x2? — 1. 


Thus 
1 l 
Vmod’ if x >1 
1 TOZ 
H= tan(sec™l g) 1 
5 , ifg< -1 
9 b — 
Optionally, 
z 
f(z) = neri for |x| > 1. 


7. [avg: 6.62/10] 
7.(a) [4 marks] State the Intermediate Value Theorem. 
Solution: from C3, 


If f is continuous on the interval [a,b] and N is between f(a) and f(b), where f(a) 4 f(b), 
then there is a number c in (a,b) such that f(c) = N. 


Or, from C1, 


Let f be a continuous function on [a,b] and, without loss of generality, let f(a) < f(b). 
Then for every value y, where f(a) < y < f(b), there is at least one value c in (a,b) such 
that f(c) = y. 


7.(b) [6 marks] Let f(x) = 31/3 — x. Explain, by making use of the Intermediate Value Theorem, why 


there are at least 3 solutions to the equation f(x) = 1. 


Solution: first observe that f is continuous for all x in R, so we can apply the Intermediate Value 


Theorem to f on any closed interval [a,b]. We have 


e f(0)=0< 1 and f(1) = 2 > 1, so by IVT, there is a number cı in (0,1) such that f(c) = 1. 
e f(1)=2>1 and f(8) = —2 < 1, so by IVT, there is a number c2 in (1,8) such that f(c2) = 1. 
e f(0) =0 <1 and f(—8) = 2 > 1, so by IVT, there is a number c3 in (—8,0) such that f(c3) = 1. 


Thus there are at least 3 distinct solutions, c1, c2,c3, to the equation f(x) = 1. 


: . r? +x? -—6r—4 
8. [avg: 5.53/10] Find all the asymptotes to the graph of the function f(x) = EE , and then 
pick the figure below that best matches the graph of y = f(x), along with its asymptotes. 


Solution: do long division first. 


£+ 6r- 4 Qu 
7 x? —4 a2 — 4 


f(z) 
Thus the line with equation y = x + 1 is a slant asymptote to the graph of y = f(z). 


r3 + x? — 6x — 4 


There are no horizontal asymptotes, since lim 5 = +00. 
TEOG Co 4 
For vertical asymptotes, check for infinite limits at x = —2 and x = 2 : 
: 2r : + 2 + 
lim {a2+1 = —oo, since: z > 27° > q^ — 4 — 07% and — 2r > —4; 
x—2+ xr? —4 


2 
lim (2+1- A) = +00, since: £x 5 27 > z? — 4 —> 0T and — 22 > —4; 
ER 


xz—>2- 

: 22 ý + 2 = 

lim |z2+1-——, |=, since: 4-2 > x° — 4—0 and — 2r > 4; 
x—>—2+t xt — 4 


2 
lim (e+1- a) = +00, since: £ > —27 > x° — 4- 0* and — 2x 54. 
PE 


xz——27 


So both z = —2 and x = 2 are equations of the vertical asymptotes to the graph of y = f(x). 


In terms of the figures below, pick C. (Note: you need to calculate all four of the above limits to 


justify your choice of C.) 


/ Y 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


10 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


11 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


12 The end. 


MATI86HI1F - Calculus I - Fall 2019 


Solutions to Term Test 1 - October 15, 2019 


Time allotted: 100 minutes. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


Comments: 


e In Question 6(a), there is NO choice for the angle tan~!(—2/3); it musts be in [—7/2,0]. Many 


students used a calculator approximation for the answer even though it said, “find the exact value.” 


In Question 6(b) many students ignored the instruction to use the definition of the derivative. 


In Question 8(b) the only way to calculate the limits is by rationalizing. Many students tried dividing 


the whole expression by x or by squaring parts of the expression—but this changes the question! 


In Question 7(a) it is necessary to put some restriction on x since 2x? — 4/2 is not always positive. 


Except for Question 1, which had a minimum score of 3, the range on every question was 0 to 10. 


Breakdown of Results: 853 registered students wrote this test. The marks ranged from 13.75% to 
97.5%, and the average was 47.5/80 or 59.4%. Some statistics on grade distribution are in the table on the 
left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 2.0% 
8.1% 80-89% 6.1% 


17.7% | 70-79% 17.7% 
60-69% 25.1% 
23.8% | 50-59% 23.8% 
25.3% | 40-49% 16.6% 
30-39% 5.9% 
20-29% 2.6% 
10-19% 0.2% E c 


0-9% 0.0% 


HI a we 
bo 
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1. [avg: 8.96/10] Find the following: 


2 
roo ae 6 
(a) [3 marks] jim, P 


Solution: the limit is in the 0/0 form. Try factoring. 


2 = = = =f 
lie A ee = lim ees?) Ne) = lim = = z 
r>-3 g2—9 a>—-3 (x — 3)(x +3) 24-3 (a — 3) 6 


(b) [3 marks] are) 


Solution: use the product rule. 


ACA ce fe T) =e- gre”. 
dx 


(c) [4 marks] the slope of tangent line to the graph of y = sin(x?) at x = it 


Solution: by the chain rule, j 
y 


IT 
At x=4/— 
£ J 
T T 1 
— T 


2. [avg: 4.07/10] Let f(x) = 2”. Also, assume that for r Æ 1, the formula for the sum of a finite geometric 


series is 
r”—1 


1+r +r? + rl = r= ; 
r—1 


i=0 


e Let Ln denote the Riemann sum approximation of the area under the curve y = f(x) on the 
interval [0,1] using n subintervals of equal length and the left endpoint of each subinterval. 
e Let Rn denote the Riemann sum approximation of the area under the curve y = f(x) on the 


interval [0,1] using n subintervals of equal length and the right endpoint of each subinterval. 


1 
(a) [5 marks] Without calculating, arrange the numbers L1, R1, L2019, R2019, f 2” dx from smallest 
0 


to largest. 


Solution: since f(x) = 2” is an increasing function, 


1 
Lı < L019 < f 2% dz < R2019 < Ri. 
0 


Aside: see figures to the right for the case n = 1. 


But no justification is required for this question. 


8.0 8.0 
0.00.10.20.30.40,50.60.70.80.91.0 0.00,10.20.30.40,50.60.70.80.91.0 


(b) [5 marks] Calculate Li99 and Rioo. (Make use of the formula for the sum of a finite geometric 
series, as given above.) Then use your calculator to find the approximate values of Li99 and 


Rioo to 4 decimal places. 


1—0 1 j 
Solution: let Ax = w T00 let x; = i let r = 21/100, 
99 99 
1 1 ;_ 1 fri] 1 2—1 
L ES 2 i— _ ; 
100 -» f(x ~ 1004 100 = 100 r—1l 100 \ 21/100 —_1 7’? 
that is, 
0.01 
Lio = 91/100 — | x 1.4377 


Similarly, but a little trickier, 


100 100 100 
1 ifioo __ 1 i 1 frei © 1 (2% — 91/100) 
aue re Ae 2? = 90 22" ~ 100 \ r-1 i ~ 100 \ 21/10 _1 J’ 


that is, 


Ï 91.01 _ 21/100 
21/100 _ 1 


) x 1.4477 


3. [avg: 3.92/10] Consider the function 


= Jz + 2\(@ —7) 
(x —c) 


(a) [L mark] For which values of x is f(x) continuous? 


f(a) 


Solution: xz Æc 
(b) [3 marks] For which value(s) of c does f(x) have a removable discontinuity? 
Solution: if c = 7 then f(x) has a removable discontinuity at x = 7 since 


lim f(x) = lim krean 


= li 2| = 9; 
237 rT (x — 7) pao |e +2|=9; 


that is, lim f(x) exists, even though f(7) does not exist. 
one 


(c) [3 marks] For which value(s) of c does f(x) have a jump discontinuity? 


Solution: if c = —2 then f(x) has a jump discontinuity at x = —2 since 
2|(£ — 2 — 
lim f(x)= lim EPA = lim Can a) = lim («-7)=-9 
x——2t x——2t (x + 2) x——2+t (x + 2) x——2t 
but 
; _  læ+2|(z-7 .  —(@+2)(z-7) . 
E Ey, eee Gay ae E 


that is, both lim f(a) and lim f(x) exist but are not the same. 
x——2t xw——2- 


(d) [3 marks] For which value(s) of c does f(x) have an infinite discontinuity? 


Solution: if c A —2,7 then f(x) has an infinite discontinuity at x = c since 


2| (a — , ife>7 
lim f(x) = lim eee, ea) = ae E 
a—ct act (x = c) —oo, ife<7,c Æ =2 
OR 
2\ (a — —œ, ifc>7 
Fs ee err a 
@—c7 @—>c— (x = c) +00, ifc < 1¢ C x —2 
Note: you only have to show one of the one-sided limits is infinite, not both. But in either 


case, whether the limit is +00 or —co depends on c, and that must be spelled out. 


4. 


[avg: 5.58/10] Consider the function f(x) = xe” restricted to the / 


domain z > 0. (See the graph to the right.) The Lambert W a / 
function is defined as the inverse of the function f, rs Fi 
W(x) = f~ (2) i : 


1 47 Fd A PR A R O OO LY LR | 
00 02 04 06 08 10 12 14 16 18 20 
x 


(a) [2 marks] What is the domain of W? 


Solution: the domain of W is the range of f, which is [0, 00). 


(b) [3 marks] Let a > 1. Show that W(aln(a)) = In(a). 


Solution: since W = f~t, we have W(aln(a)) = In(a) & alna = f(Ina). This last equation 
can be checked directly: 


fna) = (Ina)(e™*) = (Ina)(a) = alna. 


Aside: the domain of f(x) is x > 0; that is why a > 1 is necessary—to make Ina > 0. 


(c) [3 marks] Explain why the equation x” = 2 has a solution in the interval [1,2]. Name any 


theorem you are using. 


Solution: let g(x) = x”, which we assume is continuous for x > 0. Then 
g(1)=1<2< 4= g(2). 


So by the Intermediate Value Theorem there is a number c € (1,2) such that g(c) = 2 <= £ = 2. 


(d) [2 marks] Find an explicit solution to the equation «* = 2 in terms of the Lambert W function. 


Solution: 
ea? > ln(z”)=ln2 
> ging=In2 
=> We lng) =W(ln2) 
(use part b) => Ing = W(In2) 
s g= eW%3 


Or 


5. [avg: 7.78/10] For an athlete running a 50-meter dash, the position of the athlete is given by 


£3 
s(t) = A + 4t, where s(t) is the athlete’s distance in meters from the starting line after t seconds. 


(a) [4 marks] Explain why it will take the athlete between 5 and 6 seconds to run the race. Name 


any theorem you are using. 


Solution: s is a continuous function and 


245 
(5) = < 50 < 60 = 5(6). 
By the Intermediate Value Theorem s(t) = 50 for some t € (5,6). Thus the athlete will reach 
the finish line sometime between 5 and 6 seconds. 


Aside: this assumes that s is an increasing function, which it is since s'(t) > 0, and that there 
is no t < 5 such that s(t) = 50. 


(b) [3 marks] What is the athlete’s average speed for the time interval 1.9 < t < 2.1? Approximate 
your answer to four decimal places. 
Solution: calculate 
s(2.1) — s(1.9) _ 7.202 
2.1 — 1.9 1.2 
So the athlete’s average speed for 1.9 < t < 2.1 is about 6.0017 m/sec. 


~ 6.0017 


(c) [3 marks] What is the athlete’s instantaneous speed at t = 2? 


Solution: we have instantaneous speed given by 


1 P 
t) = — +4. 
s'(t) ni 


So the athlete’s instantaneous speed at t = 2 is 


m/sec. 


6. [avg: 6.77/10] 


2 
6. (a) [5 marks] Find the exact value of cos (2 tan! (-3)) : 


2 
Solution: let 0 =tan7! (-5) . By definition of tan~! we know —71/2 < 0 < 0. 


We have tan@ = —2/3, sin@ < 0 and cos@ > 0. You can use either sin 0 OR cos@: 


e In the diagram to the left tan 0 = —2/3. 


0 T 
e The length of the radius is v13. 
j e Then 

v13 sin ð = Se 

v13 

(3, —2) or 
9 3 
cos = ——. 
v13 


2 
Then the exact value of cos (2 tan! (-3)) is given by 


2 
cos(2#) = 20s? 1 =2 (2) DT. 


cos(20) = 1 — 2sin?° 0 = 1 2( z ) = 2 
v13 l 


OR 


OR 


cos(20) = cos 9 — sin? = ( : ) ( 5 ) = 
7 < MTS v13) 13 


1 
6. (b) [5 marks] Let f(x) = eT. Use the limit definition of the derivative to find f’(5). 
Solution: f(5) = aes so 
: oe 
(16) =< tm LA48)-F0) _ 5, VvRTI-1/3 
h-0 h h-0 h 


lim 3—vh+9 EA (3— Vh+9)(3+ vh +9) 
h>0 3hyh +9 h>0 3hyh+9(3+vh+9) 


l 9—(h+9) =}, 
= lim = lim 
0 3hVA+9(34Vh49)  '-303h/h +9 (34+ VA +9) 
—1 1 


s 
h>03yht9(3+vht9) 54 


7 


7. [avg: 4.33/10] 


#2 
7.(a) [6 marks] It can be proved that t — z < In(1 +t) < t, for t > 0. Make use of this result to find 


J/In(1 + 2?) +o? 


pen x 


Name any other theorem you are using. 


Solution: let t = x? > 0. Then 


4 4 
Pas <In(1 +2?) <2? => onal 


(say forO<a<1) > 4/22  < Vind + 42) + a2 < V2? 


R MITES i 
x = x P 2 
2 2 2 
; < Vint )+e PA 
x 


=> 


Now both 
2 
lim \/2—-~-=V2and lim V2= v2, 
xz—0+ 2 a—0t 


so by the Squeeze Law we can conclude that 


In(1 2 2 
lim vin( TAEA = /2. 


xz—0t x 
sin? (2x) 
7.(b) [4 marks] Find lim ae 
0 tan? (42) 
; TENES sin(4x) 
Solution: limit is in the 0/0 form. Note that tan(4z) = mn? and that cos0 = 1. Thus 
os (4a 


sin?(27) sin(2x) \ ’ sin(2x) 3 sin(2x)\ ? sin(2x) \° 
lim —,— = | li =| T - cos(4 = f li 1= (l 
s30 tan? (42) (im a) (im sin(4) on »)) (im ay) (im a) 


Approach 1: use double angle formula. 


(im S22)" = (i a a) = (lim sta) = (3) = 3 


Approach 2: use basic trig limit. 


__ sin(2r)\° _ 2sin(2£) 4r \’ i ay eh ae oe k \ 1 ee 1 
l = (a. =(5} (1 l =A 
(i men) (im 4 2x sin(4x) 2 hoo h k> sink Bl (E) 8 


1 
Either way, the answer is 3" 


8. [avg: 6.09/10] Consider the function f(x) = Va? + 6x +5. 


(a) [2 marks] Find the domain of f. 
Solution: z? + 6x +5 > 0 & (x +5)(x +1) > 0 z < —5 or xz > —1. So the domain of f is, 
in interval notation, (—oo, —5] U [—1, o0). 

(b) [6 marks] A line with equation y = ma + b is a slant asymptote to the graph of y = f(x) if 


lim [f(z) —(ma+)] =0 or (jim. [f(x) — (ma + b)] =0. 


L—0o 


Show that f(x) has slant asymptotes with equations y = «+3 and y = —x— 3. 


Solution: show lim (f(z) — (x + 3)) =0 and „1m (f(x) — (—z — 3)) = 0: 


fim Ve eea = ag, (VEE RFE — (2 +3)) (VFS + e3) 


t+00 Va? + 62 +5+ (4 +3) 
x? + 6x +5- r°? -— 6r- 9 
m 
+00 yr? +6r+5+r+3 
—4 


lim =0 
aro yg? +6r+5+r+3 


a ea sg, (FETS - (2-8) (V FEFE + (2-3) 


z—=>—00 Va? + 6r +5+(-r-— 3) 
x? + 6x +5- r°? -— 6r- 9 
m 
a+—co yr? +6r+5-r-3 
—4 


im = 
z>- yg? +6r+5-xr-3 


Aside: the other two limits, lim (f(x)—(—x-—3))and lim (f(x)—(x+3)), are both infinite. 


o “Č 


(c) [2 marks] Using the results from parts (a) and (b), N 
sketch the graph of 


y= yE N 


S 


[ELTA 
-8 -7 -6 -5 


y = f(z) 


and its two slant asymptotes. Make sure to indicate 
the equation of each part of your sketch. 


Solution: to the right. 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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12 The end. 


